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1 Core Idea of Parallel Imaging

Magnetic resonance imaging (MRI) is intrinsically slower than most other tomographic imaging modalities
because spatial encoding is performed through repeated radiofrequency excitation, gradient encoding, and
sequential sampling of k-space. In conventional Fourier imaging, acquisition time is closely linked to the
number of phase-encoding steps required for adequate spatial sampling. Although the development of
fast imaging methods such as turbo spin-echo (TSE), gradient-echo techniques, and echo-planar imaging
(EPI) dramatically reduced scan times during the 1980s and 1990s, further acceleration by gradient
performance alone gradually encountered technical and physiological limits. Rapid gradient switching
places increasing demands on hardware and is constrained by effects such as peripheral nerve stimulation;
in fast readout schemes, particularly EPI, eddy-current-related phase errors and other gradient-induced
artifacts also become important practical limitations. Physiologic motion imposes an additional constraint
on acquisition duration [1-4].

Parallel imaging emerged as a fundamentally different strategy for accelerating MRI. Rather than
relying exclusively on gradient encoding for spatial localization, it exploits the intrinsic spatial sensitivity
variations of phased-array radiofrequency (RF) receiver coils. In this approach, part of the spatial encoding
normally performed by gradients is replaced by spatial information provided by multiple receiver coils with
distinct sensitivity profiles. As a consequence, fewer phase-encoding lines need to be acquired, enabling
substantial reductions in acquisition time without requiring higher gradient switching rates [1, 2, 5].

The key concept underlying parallel MRI is undersampling of k-space. If only every R-th phase-
encoding line is acquired, the scan time can ideally be reduced by approximately the same factor:

Tscan full
Tscan,acc ~ R . (1)

The parameter R is commonly referred to as the acceleration factor, or reduction factor, and is defined as
the ratio of the amount of k-space data required for a fully sampled acquisition to the amount collected in
the accelerated acquisition. Vendor-specific terminology also exists; for example, Siemens has used the
designation IPAT for integrated parallel acquisition techniques. In routine clinical practice, parallel imaging
is generally applied with modest acceleration factors, commonly in the low single-digit range, whereas
substantially higher accelerations may be achieved in specialized research settings using high-density coil
arrays. Clinical reviews have suggested that acceleration factors in two-dimensional imaging are typically
limited to approximately R = 4-5, while much higher values have been demonstrated experimentally,
including 16-fold acceleration with a 32-channel coil array [2, 5, 6].

The development of parallel imaging represents one of the most important advances in MRI since the
introduction of fast imaging sequences. Early theoretical concepts of massively parallel imaging appeared
in the late 1980s, followed by practical implementations that exploited phased-array receiver technology
for accelerated acquisition. Important milestones included SMASH (Simultaneous Acquisition of Spatial
Harmonics), SENSE (Sensitivity Encoding), and GRAPPA (Generalized Autocalibrating Partially Parallel
Acquisitions), which established the foundations of modern parallel MRI [1, 7-9].

Parallel imaging rapidly became integrated into a wide range of MRI applications. In echo-
planar imaging and diffusion-weighted imaging, it shortens echo-train lengths and can thereby reduce
susceptibility-related geometric distortions, blurring, and signal loss. In cardiovascular MRI, accelerated

acquisition enables shorter breath-hold cine studies, improved myocardial perfusion imaging, and more



efficient coronary MR angiography [2, 10]. Parallel imaging has also become important in time-resolved
MR angiography, functional MRI, dynamic contrast-enhanced imaging, and applications at higher field
strengths such as 3 T and above [2, 5, 10].

More recently, parallel imaging has increasingly been combined with other accelerated imaging
strategies, including compressed sensing, low-rank reconstruction methods, simultaneous multislice
imaging, CAIPIRINHA-type controlled aliasing techniques, and deep-learning-based reconstruction
approaches. These developments reflect a broader shift in MRI acceleration toward combinations of
complementary encoding and reconstruction strategies rather than reliance on a single reconstruction
paradigm [11-17].

Despite its many advantages, parallel imaging is associated with important limitations. Because
fewer k-space data are acquired, the signal-to-noise ratio (SNR) decreases approximately as 1/VR, with
additional spatially varying noise amplification described by the geometry factor (g-factor), such that
SNRaccel ® SNRsun/(g \/E). Reconstruction artifacts may arise from calibration inaccuracies, imperfect
sensitivity estimation, excessive acceleration, patient or coil motion, and suboptimal coil geometry.
Consequently, successful application of parallel imaging requires careful optimization of coil-array design,
acquisition parameters, calibration strategy, and reconstruction method [2, 5, 8, 10].

In this chapter, the physical principles, mathematical foundations, reconstruction methods, and clinical
applications of parallel MRI are reviewed. Emphasis is placed on modern reconstruction approaches,
including SENSE- and GRAPPA-type methods, advanced iterative techniques, compressed-sensing hybrids,
and contemporary accelerated imaging strategies. In addition, the chapter discusses simulation approaches

for modeling parallel MRI acquisitions and reconstructions within computational MRI frameworks.

2 Foundations of Parallel MRI

2.1 Conventional Fourier MRI

To understand the principles of parallel imaging, it is useful to first review the fundamentals of conventional
Fourier MRI. In standard MRI, spatial localization is achieved by the combined action of radiofrequency
excitation and magnetic field gradients. Frequency encoding and phase encoding generate position-
dependent phase shifts in the measured MR signal, allowing reconstruction of the spatial spin density
distribution by Fourier transformation.

For a two-dimensional acquisition, the received MR signal may be written as

s(ky, ky) = //P(x,)’)e_ﬂ”(kx“kyy) dx dy, 2)

where p(x, y) denotes the transverse magnetization or spin density distribution and (ky, k) are the spatial
frequency coordinates in k-space. The k-space coordinates are determined by the applied magnetic field

gradients according to
t
b =2 [ G G)
T Jo

and

,y t
ky(t) = ﬂ/() Gy(7)dr, 4)

where 7y is the gyromagnetic ratio and G () and G (¢) are the applied gradient fields.



In conventional Cartesian MRI, k-space is sampled line by line. In basic two-dimensional Fourier
imaging, one phase-encoding step is acquired during each repetition time (TR). Consequently, the total

acquisition time is approximately proportional to the number of phase-encoding lines:
Tscan ~ Npg - TR, )

where Npg denotes the number of phase-encoding steps. This relationship represents one of the principal
limitations of conventional MRI. High spatial resolution requires many phase-encoding lines, which
directly increases acquisition time.

Figure 1 shows Cartesian k-space filling.

Cartesian k-space filling
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Figure 1: Cartesian k-space filling.

The relationship between the number of phase-encoding lines and total scan duration is described
directly by Eq. (5).
The field of view (FOV) in the phase-encoding direction is determined by the spacing of sampled
k-space lines: X
FOV = A_ky’ ©6)
where Ak, is the distance between adjacent phase-encoding samples. Likewise, spatial resolution depends

on the maximum extent of sampled k-space:

1
Ay~ ———, @)

2k, max

If k-space is undersampled below the Nyquist criterion, aliasing artifacts occur. In Cartesian imaging,
undersampling in the phase-encoding direction produces folding of the image along the corresponding



spatial direction. Figure 2 shows Aliasing from k-space undersampling.

Aliasing from k-space undersampling
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Figure 2: Aliasing from k-space undersampling.

The need to reduce acquisition time motivated the development of increasingly rapid imaging
techniques such as turbo spin-echo (TSE), echo-planar imaging (EPI), and fast gradient-echo methods.
However, these approaches ultimately remain constrained by gradient performance and physiological
limitations. Parallel imaging addresses this limitation by introducing an additional source of spatial

encoding information: the spatial sensitivity variations of phased-array receiver coils [1, 5].

2.2 Phased-Array Receiver Coils

The fundamental prerequisite for parallel MRI is the use of phased-array receiver coils. Unlike conventional
volume coils, phased-array systems consist of multiple individual coil elements with spatially distinct
sensitivity profiles. Each coil element is most sensitive to magnetization in its immediate vicinity and less
sensitive to signals arising farther away, thereby providing additional spatial encoding information beyond
that generated by the gradient system [1, 2, 5].

The signal measured by the c-th receiver coil may be expressed as

Sc(kx, ky) = // Se(x,y) plx,y) e 2 x+key) g gy €))

where S.(x, y) denotes the spatial sensitivity profile of the c-th coil element. The measured signal is
therefore modulated by both the underlying object magnetization and the coil sensitivity distribution.
Figure 3 shows Coil sensitivity profiles.
Each coil exhibits high sensitivity near its physical location and progressively reduced sensitivity at

larger distances. The spatial variation of these sensitivities constitutes the essential encoding mechanism



Coil sensitivity profiles

Each receiver coil has a unique spatial sensitivity profile S; (r) that describes its ability to detect signal from location r.
These profiles vary smoothly in space and provide the spatial encoding needed to separate aliased signals.
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Figure 3: Coil sensitivity profiles.

exploited in parallel imaging.

Historically, phased-array coils were introduced primarily to improve signal-to-noise ratio (SNR) over
extended anatomical regions. Small surface coils provide high local sensitivity but only limited spatial
coverage. By combining multiple partially overlapping coil elements into an array, it became possible to
preserve high local SNR while achieving broader field-of-view coverage than would be feasible with a
single surface coil [1, 2].

In conventional phased-array imaging, the individual coil images are typically reconstructed separately
and then combined into a single composite image. A common reconstruction approach is the root-sum-of-

squares (RSS) combination:

Ne¢

D el )PP, ©)

c=1

Irss(x,y) =

where 1. (x, y) denotes the reconstructed image from coil element ¢, and N, is the total number of receiver
coils.

The performance of a phased-array system strongly depends on coil geometry, coil sensitivity variation,
and the noise correlation structure of the receiver array. Neighboring coil elements must be designed
to limit mutual inductive coupling, since coil coupling and overlapping sensitivity regions contribute
to correlated receiver noise and may compromise SNR efficiency. Clinical and research MRI systems
therefore employ carefully optimized multi-element arrays, commonly with 8, 16, or 32 receiver channels,
while still higher channel counts have been developed in specialized settings. High-channel-count arrays
are particularly important for highly accelerated parallel imaging because they provide greater spatial
encoding diversity and can reduce geometry-dependent noise amplification [10, 18, 19].

An important characteristic of phased-array systems is the spatial overlap of coil sensitivities. If two



spatially distant voxels exhibit sufficiently different sensitivity combinations across the receiver array, their
signals can be distinguished even if they become superimposed due to undersampling. Parallel imaging
exploits precisely this property to reconstruct images from incompletely sampled k-space data.

The spatial encoding capability of a coil array may be understood intuitively by considering the
sensitivity profiles as additional encoding functions superimposed onto conventional Fourier encoding. In
this sense, parallel imaging partially replaces gradient encoding by coil sensitivity encoding. Figure 4

shows Gradient encoding versus coil encoding.

Gradient encoding versus coil encoding

Spatial information in MRI can be encoded using magnetic field gradients (k-space encoding) or using the spatially varying sensitivities of multiple receiver coils.
Gradients require time to sample k-space; coils provide spatial encoding in parallel and can be used to separate aliased signals.
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Figure 4: Gradient encoding versus coil encoding.

The quality of parallel imaging reconstruction therefore depends critically on the geometry of the
receiver array. Ideally, the coil sensitivities should exhibit distinct and sufficiently nonredundant spatial
variation across the imaging volume, particularly along the accelerated encoding direction. Poor coil
geometry leads to ill-conditioned reconstructions, increased spatially varying noise amplification, and
elevated geometry factors (g-factors), which ultimately limit the achievable acceleration [2, 8, 10].

Modern parallel imaging methods can broadly be divided into two major categories. Image-domain
techniques such as SENSE reconstruct unfolded images directly using explicit coil sensitivity maps,
whereas k-space methods such as GRAPPA synthesize missing k-space lines from neighboring acquired
data without requiring direct inversion in image space. Both approaches rely fundamentally on the spatial

encoding information provided by phased-array receiver coils.

2.3 Principle of Parallel Imaging

In a fully sampled conventional Cartesian MRI acquisition, k-space must be sampled sufficiently densely
in the phase-encoding direction to satisfy the Nyquist criterion and avoid spatial aliasing. For basic

two-dimensional Fourier imaging, the total scan time increases approximately linearly with the number



of phase-encoding steps, as summarized in Eq. (5); although fast spin-echo and related techniques may
acquire multiple k-space lines within a single repetition period, the number of required phase encodes
remains a central determinant of acquisition time. Parallel imaging accelerates MRI by intentionally
undersampling k-space and subsequently recovering the missing spatial information from the spatial
sensitivity variations of phased-array receiver coils [2, 5].

The simplest form of acceleration consists of skipping phase-encoding lines during acquisition. For

an acceleration factor R, only every R-th k-space line is acquired:

Npg

R 1o

N, PE,acc =

where Npg denotes the number of phase-encoding lines in the fully sampled acquisition and Npg acc is the
number of acquired lines in the accelerated acquisition. Ideally, the scan time is reduced by approximately

the same factor:
Tscan,full

Tscan,acc ~ T . (11)
Undersampling below the Nyquist criterion inevitably produces aliasing artifacts in the image domain.
In Cartesian imaging, undersampling in the phase-encoding direction reduces the effective field of view

(FOV) by the acceleration factor:

FOV
FOV,ec = Rf““ . (12)

As aresult, structures separated by multiples of the reduced FOV become superimposed in the reconstructed
image. The relevant concept demonstrates the formation of fold-over artifacts produced by k-space
undersampling.

The essential idea of parallel imaging is that the aliased voxels are observed differently by the individual
receiver coils because each coil possesses a distinct spatial sensitivity profile. Although two voxels
may overlap in the undersampled image, their relative signal contributions vary from coil to coil. This
additional information allows the original unaliased image to be reconstructed.

The reconstruction problem in parallel imaging may therefore be viewed as an inverse problem. The
measured aliased signals are known, and the unknown quantities are the true underlying voxel intensities.
The coil sensitivity maps provide the encoding information required to solve this system.

The achievable acceleration factor depends strongly on the geometry of the receiver array. If aliased
voxels exhibit very similar combinations of coil sensitivities, the reconstruction becomes poorly conditioned
and noise amplification increases substantially. Consequently, practical acceleration factors are limited by
coil design, anatomical geometry, and signal-to-noise ratio considerations [2, 5, 8].

Figure 5 shows Parallel imaging reconstruction pipeline.

1. acquisition with undersampled k-space,
2. formation of aliased coil images,
3. utilization of coil sensitivity information,

4. reconstruction of the unfolded image.

Modern parallel imaging methods can broadly be divided into two principal categories. In image-

domain techniques such as SENSE, aliased images are unfolded directly using explicit coil sensitivity



Parallel Imaging Reconstruction Pipeline (GRAPPA)

Parallel imaging uses multiple coil sensitivities to separate aliased (folded) signals caused by undersampling in k-space,
‘ enabling accelerated image reconstruction with reduced scan time.
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Figure 5: Parallel imaging reconstruction pipeline.

maps [8]. In k-space methods such as GRAPPA, missing k-space lines are synthesized from neighboring
acquired data using calibration information derived from fully sampled reference regions [9]. Although
mathematically different, both approaches exploit the same fundamental principle: additional spatial
encoding provided by phased-array receiver coils [20].

Parallel imaging rapidly became indispensable in many MRI applications because it not only shortens
acquisition time but can also reduce artifacts associated with long readout durations. In echo-planar
imaging, for example, reduced echo-train length and shorter effective echo spacing decrease susceptibility-
related geometric distortion, blurring, and related signal degradation. In cardiac imaging, parallel imaging
enables shorter breath-hold acquisitions, improved temporal resolution, and more efficient dynamic
assessment of cardiac function. In multiecho sequences such as turbo spin-echo, particularly at 3 T and
above, parallel imaging can also help reduce specific absorption rate (SAR) or total RF energy deposition
by reducing the number of refocusing pulses required per unit time or by permitting longer repetition times
at fixed scan duration [2, 10].

3 Image-Space Parallel Imaging

3.1 SENSE Reconstruction

Sensitivity Encoding (SENSE) represents one of the most important image-domain approaches to parallel
MRI. Introduced by Pruessmann et al. in 1999, SENSE reconstructs the unaliased image from undersampled
data by explicitly incorporating the spatial sensitivity profiles of the receiver coils into the reconstruction
[5, 8].

In SENSE imaging, Cartesian k-space is undersampled by an acceleration factor R, typically along

10



the phase-encoding direction. After Fourier transformation, each individual coil image exhibits aliasing
because the reduced sampling density decreases the effective field of view. The aliased pixels in the
reconstructed image correspond to the superposition of several spatial locations separated by multiples of
the reduced field of view [2, 5, 8].

The central idea of SENSE is that the aliased voxels contribute differently to each coil image because
of the spatial variation of the coil sensitivities. The measured signal in a particular aliased pixel may

therefore be written as a weighted sum of the true voxel intensities:

R
Ve = Z:]Sc(rm) am, (13)

where v, is the measured signal in coil ¢, S.(r,,) is the sensitivity of coil ¢ at spatial position r,, and a,,
denotes the unknown true voxel intensity at position 7.

For a receiver array with N, coils, the system may be written compactly in matrix form:
v = Sa, (14)

where

v=1| |, (15)

and

a=| |. (16)

ar

The sensitivity matrix S contains the coil sensitivities corresponding to the aliased voxel locations:

Si(r1)  Si(r2) -+ Si(rr)
_ Sz(.rl) Sz(.r2) SZ(.’”R) a7
Sn.(r1) Swn.(r2) -+ Sn.(rr)

The reconstruction problem therefore reduces to solving a linear system for the unknown voxel

intensities a. In the presence of correlated coil noise, the noise-weighted least-squares solution becomes
a=(SHC!S)~'sHCly, (18)

where C denotes the noise covariance matrix between the receiver coils and S is the Hermitian transpose
of the sensitivity matrix [8].
Figure 6 shows the SENSE unfolding process.

The key elements are:

1. the undersampled k-space,
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SENSE Unfolding Process

SENSE (Sensitivity Encoding) uses spatial sensitivity differences of multiple coils to separate aliased (folded) signal contributions

and recover the true unaliased image.
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Figure 6: SENSE unfolding process.

2. the aliased coil images,
3. the coil sensitivity maps,
4. the reconstructed unfolded image.

An important characteristic of SENSE is that reconstruction is performed independently for each
aliased pixel position. The quality of the reconstruction therefore depends critically on the conditioning of
the sensitivity matrix S. If the coil sensitivities are too similar at the aliased voxel locations, the matrix
inversion becomes unstable and noise amplification increases substantially [2, 5, 8].

The signal-to-noise ratio (SNR) in SENSE imaging is reduced compared with fully sampled imaging.
In addition to the intrinsic reduction associated with undersampling, further degradation arises from the

conditioning of the unfolding problem. The resulting SNR may be written as

SNRfun1

gVR

where g denotes the geometry factor (g-factor) [8]. The g-factor quantifies noise amplification caused by

SNRSENSE = (19)

the geometry and overlap of the coil sensitivities.

Figure 7 shows g-factor maps.

One important practical requirement of SENSE is accurate estimation of the coil sensitivity maps.
In clinical and research implementations, these maps are commonly obtained either from separate
calibration scans or from low-resolution reference information acquired in conjunction with the accelerated
scan. Errors in sensitivity estimation may produce residual aliasing artifacts, intensity modulation, or

reconstruction instability [2, 6, 8].
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g-factor Maps in Parallel Imaging

The g-factor quantifies the noise amplification (SNR penalty) at each pixel caused by the parallel imaging reconstruction.
It depends on coil geometry, acceleration factor, and the reconstruction method.
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Figure 7: g-factor maps.

Despite these limitations, SENSE became one of the foundational methods of modern parallel imaging
because of its elegant mathematical formulation and its direct exploitation of coil sensitivity encoding. It

remains a central conceptual framework for later developments in accelerated MRI reconstruction.

3.2 Geometry Factor and Noise Amplification

One of the fundamental limitations of parallel imaging is the reduction in signal-to-noise ratio (SNR)
associated with accelerated acquisition. In conventional MRI, the SNR is approximately proportional to
the square root of the acquisition time:

SNR o \/]E .

Since parallel imaging reduces the acquisition time by approximately a factor of R, a corresponding
reduction in SNR is unavoidable:

(20)

SNR 1
VR

However, in parallel MRI the SNR degradation is generally more severe because the reconstruction

SNR ;e ~ (21

process itself amplifies noise. In SENSE reconstruction, the unfolding operation requires inversion of

the sensitivity matrix, and poorly conditioned inversions lead to substantial noise amplification. This

additional penalty is quantified by the geometry factor, or g-factor, introduced by Pruessmann et al. [8].
The resulting SNR in parallel imaging may therefore be expressed as

SNRn

SNRp; = ,
gVR

(22)
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where g denotes the geometry factor. The g-factor is always greater than or equal to unity:
g=>1. (23)

Ideal reconstructions correspond to g = 1, whereas poorly conditioned reconstructions produce significantly
larger values [8].

The geometry factor depends primarily on:

1. the spatial arrangement of the receiver coils,
2. the overlap of the coil sensitivity profiles,
3. the acceleration factor R,

4. the imaging geometry and anatomy.
Figure 8 shows the g-factor conditioning principle.

g-factor Conditioning Principle
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Figure 8: g-factor conditioning principle.

The key comparison is between well-conditioned and poorly conditioned coil configurations.

If the coil sensitivities are highly distinct at the aliased voxel locations, the unfolding problem is well
conditioned and the g-factor remains close to unity. Conversely, if the sensitivities become too similar,
the matrix inversion required for reconstruction becomes unstable and noise amplification increases
substantially [2, 5, 8].

The spatial distribution of the g-factor is generally nonuniform across the image. Regions near the
center of the field of view often exhibit larger g-factors because the coil sensitivities become less distinct
in these regions, whereas peripheral regions closer to the receiver coils frequently show lower noise

amplification [2].
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The achievable acceleration factor is therefore fundamentally limited by coil geometry. Increasing
the number of receiver channels can improve the spatial encoding capability of the array and reduce
geometry-related noise amplification, particularly at higher acceleration factors, although the benefit
depends on coil layout, anatomy, and imaging direction. Clinical and research MRI systems consequently
employ increasingly dense receiver arrays, commonly with 16 or 32 elements, while 64-channel and still
higher-channel configurations have been explored in specialized research settings [2, 10, 19, 21].

The dependence of the g-factor on the acceleration factor is particularly important. Atlow accelerations,
such as R = 2, many clinical coil arrays provide acceptable SNR performance. As the acceleration
factor increases, however, aliased voxels become more difficult to separate, the reconstruction becomes
progressively more ill conditioned, and geometry-dependent noise amplification rises substantially. For
conventional clinical parallel imaging at low-to-moderate field strengths, practical acceleration is therefore
often limited to the low single-digit range [5, 6].

Figure 9 shows SNR degradation versus acceleration factor.
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Figure 9: SNR degradation versus acceleration factor.

Noise correlations between receiver coils also influence reconstruction performance. In practical
phased-array systems, receiver noise is not completely independent across channels because of overlapping
coil sensitivity regions, mutual coil coupling, and receiver-dependent electronic noise contributions. These
correlations are described by the noise covariance matrix C appearing in Eq. (18). Proper incorporation
of noise statistics, together with adequate coil decoupling and receiver-channel isolation, is therefore
important for preserving SNR efficiency in parallel MRI reconstruction [18, 21].

An additional practical limitation arises from imperfect sensitivity estimation. Errors in the sensitivity
maps may amplify noise and produce residual aliasing artifacts. This problem becomes increasingly severe

at high acceleration factors because the reconstruction depends more strongly on accurate spatial encoding
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information and because aliased voxel locations become more difficult to separate [2, 12].

Although SENSE reconstruction most directly illustrates the concept of geometry-dependent noise
amplification through the g-factor formalism, analogous image-quality penalties also occur in k-space
methods such as GRAPPA. In GRAPPA, residual aliasing and noise enhancement may arise when
the acceleration factor is too high for the available coil geometry or when the autocalibration data
are insufficient to determine stable reconstruction weights. Thus, despite the different reconstruction
formulation, the fundamental limitations imposed by undersampling, coil geometry, and calibration quality
remain present [2, 9, 12].

The tradeoff between acceleration and SNR constitutes one of the central design considerations in
parallel MRI. In practice, acceleration factors are selected to balance acquisition speed against image
quality and diagnostic reliability. This compromise depends strongly on the clinical application, anatomical
region, receiver-array geometry, acceleration direction, and magnetic field strength [2, 5, 6].

3.3 Practical Limitations of SENSE

Although SENSE reconstruction provides an elegant and mathematically rigorous framework for parallel
MR, its practical implementation is associated with several important limitations. These limitations arise
primarily from imperfect coil sensitivity estimation, geometry-dependent noise amplification, motion-
related mismatch between calibration and imaging data, and reconstruction instability at high acceleration
factors [2, 5, 8].

A fundamental requirement of SENSE is accurate knowledge of the spatial coil sensitivity profiles. In
the original SENSE formulation, these maps are obtained from reference measurements acquired with
the definitive imaging setup. In broader practical implementations of parallel imaging, sensitivity or
calibration information may also be derived from low-resolution reference data or from autocalibrating
information acquired in conjunction with the accelerated scan. Because SENSE reconstruction explicitly
depends on these maps through Eq. (18), errors in sensitivity estimation directly propagate into the
reconstructed image and may cause residual aliasing or other reconstruction artifacts [2, 6, 8].

Figure 10 shows Sensitivity map estimation errors.

Sensitivity estimation becomes particularly difficult in regions with low signal intensity or spatially
inhomogeneous object signal, such as the lung and abdomen, where precise coil sensitivity information may
be difficult to determine. Sensitivity estimation can also be complicated by rapidly varying image-dependent
phase, which may need to be removed before spatial smoothing of complex coil data. Furthermore, motion
occurring between the calibration scan and the accelerated acquisition may lead to misregistration of the
sensitivity maps. Respiratory motion or other changes in the relative position of the object and flexible
receiver array can therefore produce residual aliasing artifacts or local reconstruction failures [6, 22].

Another important limitation of SENSE is its sensitivity to the conditioning of the unfolding problem.
As discussed previously, the reconstruction requires inversion of the sensitivity matrix. If the coil
sensitivities are insufficiently distinct at the aliased voxel locations, the matrix inversion becomes poorly
conditioned and noise amplification increases substantially. This effect is quantified by the geometry factor
(g-factor) [5, 8].

At high acceleration factors, the unfolding problem may become nearly singular in some image regions:

det(SC7'S) — 0. (24)
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Sensitivity Map Estimation Errors and Their Impact

Parallel imaging (e.g., SENSE) relies on accurate coil sensitivity maps S(r)

Errors in estimated sensitivities lead to imperfect unaliasing, noise amplification, and residual artifacts.
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Figure 10: Sensitivity map estimation errors.

In such cases, the reconstructed image exhibits severe noise amplification and residual artifacts.

The practical acceleration limit therefore depends strongly on:
1. receiver-array geometry,

2. anatomical region,

3. field strength,

4. signal-to-noise ratio,

5. quality of sensitivity estimation.

In many routine clinical applications, acceleration factors between R = 2 and R = 4 represent a

practical compromise between acquisition speed and image quality. Higher accelerations are possible

with optimized high-density receiver arrays but generally require favorable coil geometry and more

sophisticated reconstruction strategies [2, 5, 6].

Magnetic field inhomogeneity and susceptibility effects may also degrade SENSE performance in

specific acquisition settings. In single-shot echo-planar imaging (EPI), for example, susceptibility-related

image distortions can cause the apparent spatial distribution of the accelerated image data to differ from

that represented by the sensitivity maps. This mismatch may impair unfolding accuracy and increase

residual artifacts [6].

Additional challenges arise in dynamic or motion-sensitive applications when the effective sensitivity

information changes over time. Breathing, scan-plane manipulation, or other relative motion of the receive

coils may make previously estimated sensitivity maps less accurate. Adaptive approaches such as TSENSE
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were developed in part to track such changes and reduce residual aliasing caused by imperfect sensitivity
estimates [22].

Computational complexity also represented an important challenge for generalized SENSE formulations,
particularly for arbitrary k-space trajectories. In such settings, direct solution of the reconstruction problem
can require inversion of very large systems, motivating the use of iterative methods such as conjugate-
gradient reconstruction. Modern hardware and optimized numerical algorithms have greatly reduced these
computational barriers [18].

Despite these challenges, SENSE remains one of the foundational parallel imaging frameworks because

of several important advantages:

1. mathematically direct reconstruction,
2. explicit use of coil sensitivity information,
3. compatibility with arbitrary k-space trajectories, including non-Cartesian imaging,

4. efficient reduction of echo-train length and associated distortions in applications such as EPIL.

These properties made SENSE highly influential in the development of subsequent parallel imaging
methods and model-based reconstruction strategies [2, 8, 18].

The conceptual framework introduced by SENSE also informed later hybrid approaches that combine
explicit sensitivity modeling with autocalibrated reconstruction principles. ESPIRIT, for example, explicitly
links SENSE-like sensitivity-map reconstruction with GRAPPA-like calibration concepts and extends the
framework through relaxed multi-map reconstruction [20].

An alternative strategy for parallel MRI reconstruction avoids explicit image-space unfolding altogether.
Instead of solving the reconstruction problem directly in image space, missing k-space lines may be
synthesized from neighboring acquired data using calibration information. This approach forms the basis
of k-space parallel imaging methods such as SMASH and GRAPPA, which are discussed in the following
section [6, 7, 9].

4 k-Space Parallel Imaging

4.1 SMASH and AUTO-SMASH

While SENSE reconstructs accelerated MRI data directly in image space, an alternative class of methods
performs the reconstruction in k-space. These approaches synthesize missing phase-encoding lines before
Fourier transformation and therefore avoid explicit image-space unfolding. The first successful in vivo
implementation of this concept was SMASH (Simultaneous Acquisition of Spatial Harmonics), introduced
by Sodickson and Manning in 1997 [1, 7].

The central idea of SMASH is to use appropriately weighted combinations of receiver-coil sensitivities
to synthesize spatial harmonic functions that mimic conventional phase encoding. Instead of explicitly
measuring all phase-encoding steps with magnetic field gradients, part of the missing encoding information
is generated mathematically from the spatial sensitivity variations of the receiver array, thereby producing
shifted k-space lines from weighted combinations of simultaneously acquired coil signals [6, 7, 23].

In Cartesian MRI, a conventional phase-encoding gradient produces a spatial phase modulation of the
form

elmAkyy (25)
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where m denotes the phase-encoding order and Ak, is the fundamental k-space increment in the phase-
encoding direction. SMASH attempts to reproduce these spatial harmonic functions through linear

combinations of the coil sensitivities:

Nc
3wl Su(y) x ek, 26)
c=1

where wém) are weighting coefficients for harmonic order m, and S.(y) denotes the sensitivity profile of

coil ¢ [6, 7].
Figure 11 shows SMASH spatial harmonic synthesis.

SMASH: Spatial Harmonic (Sensitivity) Synthesis

SMASH models coil sensitivity maps as a linear combination of 2D spatial harmonics.
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Figure 11: SMASH spatial harmonic synthesis.

Once these harmonic functions are generated, the missing phase-encoding lines in k-space may be
synthesized directly from weighted combinations of the acquired coil data. The reconstructed k-space can
then be Fourier transformed to produce the final image [6, 7, 23].

An important advantage of SMASH is that reconstruction occurs in k-space before image formation.
Consequently, explicit image-space unfolding and pixel-wise matrix inversion are avoided [6, 7].

However, the original SMASH formulation also exhibited several important limitations. Accurate
synthesis of the required spatial harmonics proved difficult in practice because real coil sensitivities rarely
match ideal harmonic functions over the entire field of view. Imperfect harmonic fitting therefore produced
residual artifacts and reduced reconstruction robustness [6, 23].

Another challenge was the strong dependence on coil geometry. The receiver-array sensitivities had to
provide sufficient spatial variation to approximate the desired harmonic functions accurately. In practice,
this requirement limited robustness and constrained the achievable acceleration when the array could not

generate the required spatial harmonics with adequate fidelity [6, 23].
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To improve reconstruction stability, several extensions of SMASH were subsequently developed.
AUTO-SMASH introduced autocalibration techniques in which additional reference data were acquired
during the scan itself to estimate reconstruction coefficients without a separate explicit sensitivity-map
measurement. Variable-density AUTO-SMASH further improved reconstruction robustness by acquiring
multiple autocalibration signal (ACS) lines in central k-space, which increased the number of available fits
for coefficient estimation and reduced residual artifact power in imperfect reconstructions [6, 9, 23].

Although later methods such as GRAPPA addressed many of the limitations of SMASH and became
more prominent in clinical k-space parallel imaging, the conceptual importance of SMASH was enormous.
The method demonstrated for the first time that phased-array coil sensitivities could successfully replace
part of conventional gradient encoding in vivo. Many central concepts of modern parallel imaging,
including calibration-based reconstruction and k-space synthesis of missing data, emerged directly from
the SMASH framework [1, 6, 7, 9].

SMASH also helped establish the fundamental distinction between image-domain and k-space-
domain parallel imaging approaches. Whereas SENSE performs explicit unfolding in image space using
sensitivity maps, SMASH-type methods attempt to reconstruct a complete k-space representation before
Fourier transformation. This distinction strongly influenced the subsequent evolution of accelerated MRI
reconstruction techniques [1, 6].

The limitations of SMASH ultimately motivated the development of more robust calibration-based
k-space methods, most importantly GRAPPA (Generalized Autocalibrating Partially Parallel Acquisitions),
which became one of the principal clinically used parallel imaging methods [6, 9].

4.2 GRAPPA Reconstruction

GRAPPA (Generalized Autocalibrating Partially Parallel Acquisitions), introduced by Griswold et al.
in 2002, represents one of the most influential and widely used k-space parallel imaging methods [9].
In contrast to SENSE, GRAPPA reconstructs missing k-space data directly from neighboring acquired
samples without requiring explicit image-space unfolding or direct inversion of coil sensitivity matrices.

The fundamental concept of GRAPPA is illustrated schematically in Fig. 12.

During acquisition, k-space is undersampled along the phase-encoding direction, while a fully sampled
central calibration region is additionally acquired. These fully sampled reference lines are commonly
referred to as autocalibration signal (ACS) lines [9].

The ACS data are used to estimate interpolation coefficients, or reconstruction weights, that relate
neighboring acquired k-space samples to missing samples. The missing k-space lines are then synthesized
by applying these weights throughout the undersampled acquisition [9, 12].

In GRAPPA, each missing k-space point is reconstructed from a local neighborhood of acquired

samples across multiple receiver coils. The reconstruction may be expressed as

Nc
S;(ky +mAky) = Z Z n(j.b,1,m) Si(ky + bAAky), 27)
=1 b

where:
* §; denotes the reconstructed signal in coil j,

* §; denotes acquired signals from neighboring coils,
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GRAPPA: GeneRalized Autocalibrating Partial Parallel Acquisition

GRAPPA reconstructs missing k-space data from multiple coil measurements using linear Lution kernels cali from an ibration signal (ACS) region.

It operates in k-space (not image space) and does not require explicit coil sensitivity maps.

@ Undersampled acquisition @ ACS data (fully sampled) @ calibration: compute GRAPPA weights @ Apply weights to reconstruct © mage reconstruction
2D Cartosan axamplo AL eoil images For aseh targot point p, fit inear weighte missing k-space
(accatoration R = 3 in phase-encode) (ACS region in k-space) 0y (11,) from nearby sourca paints Use the calibrated waights o predict

all unsampled points
Targat

ot il s oL oF| Conbinedimage
| 1 (SENSE or 50S)
R TR | ee—e | wame)
| H
se s s o0 cesncsse | H
| |
PPN - | N [b@ con @t |
L ! |
e
Coll Ne dp = Z Z wpnlw,v) du(@+u,p+v) + 6
5 . x T =1 e | T . it Ne
@ Sampled  © Not sampied [ ACS region trget data @rstorcoln  sowee dumtomeoln  note @ Sampled (scapived)
N cote) at ofset (1,0) @ SRS (GRAPRA)
Not sa

Repaat
(and for both

Kernel/weight visualization (example) e —"
a) ACS calibration

Ne

Kermet support fone target)  Coll-
Stiding kernel over AGS region Prafdasi Al F A=Y Y wano) dprupt)
n=1 (u,v)€N
5 Coil 1 Coil 2 Coil N
L High d,  target ks,
= = - N [ ]
SO s od dn =
e L
0d Wy (s v) : GRAPPA weight
[rp—
along k. Low N kernel neighborhood (offsat set)
- W Source points (u,v)
N umber of ool slaments
W Torget point p
* @ strengths A vimitations =) Extensions / variants
- par - High ace o  Regularized GRAPPA (Tikhonov, Ly, low-rank).

Figure 12: GRAPPA overview.

* n(j,b,l, m) are the GRAPPA reconstruction weights,
¢ A is the acceleration factor,
* b indexes neighboring acquired samples.

The reconstruction weights are determined from the ACS region by solving an overdetermined linear
fitting problem. Because the ACS data are fully sampled, both the target samples and the neighboring
source samples are known within the calibration region. The calibration process therefore estimates the
interpolation kernels directly from the measured data [9].

Figure 13 shows GRAPPA kernel geometry.

1. acquired source points,
2. missing target points,
3. neighboring coil contributions.

Once the reconstruction kernels have been calibrated, the missing k-space lines are synthesized
throughout the undersampled acquisition. After reconstruction of the missing data, each coil possesses
a complete k-space dataset. Standard Fourier transformation is then applied independently to each
coil, followed by coil combination using methods such as root-sum-of-squares reconstruction or other
array-combination strategies [9, 12].

An important practical advantage of GRAPPA is that the reconstruction occurs directly in k-space
and does not require explicit precomputed coil sensitivity maps. Because its calibration information is

commonly acquired together with the accelerated scan, GRAPPA can be less vulnerable than conventional
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GRAPPA Kernel Geometry

In GRAPPA, each missing k-space point is synthesized as a linear combination of acquired points in a local neighborhood (kernel).
Kernel geometry is defined by the kernel size (Nx % N,), shape, and the target offset (u, v)

1. Notation and sampling 2. Kernel neighborhood (source points) 3. Example kernel shapes
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Figure 13: GRAPPA kernel geometry.

prescan-based SENSE to errors caused by patient motion, coil-position changes, or mismatches between
calibration and imaging data. This robustness contributed substantially to its broad clinical adoption
[6. 9, 20].

Figure 14 shows the SENSE versus GRAPPA reconstruction pipeline.

The GRAPPA reconstruction process may be summarized as follows:
1. acquisition of undersampled k-space,
2. acquisition of fully sampled ACS lines,
3. calibration of reconstruction kernels,
4. synthesis of missing k-space lines,
5. Fourier transformation of reconstructed coil data,
6. combination of coil images.

Because the reconstruction kernels are estimated directly from the measured calibration data, GRAPPA
adapts naturally to the actual coil sensitivities and imaging geometry without requiring explicit sensitivity-
map estimation. This self-calibrating property makes the method particularly attractive in clinical practice,
where separate sensitivity calibration scans may be undesirable or vulnerable to mismatch between
calibration and imaging data [2, 9].

The size and geometry of the reconstruction kernel strongly influence image quality and reconstruction
stability. Small kernels may insufficiently capture the spatial correlations required for accurate interpolation,

whereas excessively large kernels reduce the number of independent calibration examples available within
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SENSE vs. GRAPPA: Reconstruction Pipelines

Both SENSE and GRAPPA reconstruct accelerated MRI data acquired with a multi-coil array.
SENSE separates aliased coil images using coil sensitivity information (image-domain modeling).
GRAPPA synthesizes missing k-space samples from acquired k-space using local linear prediction (k-space modeling)
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Figure 14: SENSE versus GRAPPA pipeline.

the ACS region and may compromise kernel estimation. Practical implementations therefore employ
carefully optimized kernel configurations together with a sufficient number of ACS lines [2, 9, 12].

As in all parallel imaging methods, GRAPPA reconstruction is associated with noise amplification and
SNR reduction. The corresponding spatially varying noise penalty may be characterized by a GRAPPA
g-factor. Unlike the SENSE g-factor, which is derived directly from the coil-sensitivity matrix, the
GRAPPA g-factor is computed from the reconstruction weights or kernels. Thus, the noise behavior
is described within a different mathematical framework, even though it reflects the same underlying
dependence on coil geometry and undersampling [2, 19].

Another important characteristic of GRAPPA is the broad flexibility of calibration-based k-space
reconstruction. GRAPPA and closely related variants have been developed for:

 Cartesian imaging,

* echo-planar imaging (EPI),

* radial imaging,

* spiral imaging,

* dynamic imaging with temporal recalibration.

In parallel, GRAPPA-related calibration concepts have also contributed to more advanced accelerated
imaging strategies, including simultaneous multislice and CAIPIRINHA-type methods [9, 14, 24-26].

This flexibility contributed greatly to the broad clinical and methodological success of GRAPPA and
related calibration-based methods.

The key elements are:
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1. fully sampled acquisition,
2. undersampled acquisition,
3. GRAPPA reconstruction,
4. residual artifact patterns.

GRAPPA rapidly became integrated into many MRI applications, including diffusion-weighted
imaging, functional MRI, cardiovascular imaging, and angiographic imaging. In echo-planar imaging,
parallel imaging shortens the effective readout and can thereby reduce geometric distortion; specialized
GRAPPA-based methods have also been developed to address EPI ghosting and phase-error correction
directly [2, 4, 19].

4.3 GRAPPA Variants and Extensions

Following the introduction of GRAPPA, numerous extensions and modifications were developed to
improve reconstruction robustness, extend applicability to dynamic imaging, and support non-Cartesian
acquisition trajectories. Several of these variants remain important components of modern accelerated
MRI methodology.

One important extension is TGRAPPA (Temporal GRAPPA), which was developed for dynamic and
cardiac MRI applications [26]. In dynamic imaging, coil sensitivities and object position may vary over
time, making static calibration insufficient. TGRAPPA addresses this problem by using a time-interleaved
acquisition scheme in which neighboring temporal frames are combined to generate full-resolution
autocalibration data and update the GRAPPA reconstruction weights dynamically.

TGRAPPA proved particularly useful in real-time cardiac MRI, where respiratory motion and changing
coil positions can complicate conventional calibration procedures. The method was demonstrated for
accelerated, nongated, free-breathing cardiac imaging and provided dynamically updated reconstruction
parameters with improved artifact suppression [10, 26].

Another important extension is radial GRAPPA, developed for non-Cartesian radial k-space trajectories
[24]. In radial imaging, k-space is sampled along rotating spokes rather than Cartesian lines. Although
radial trajectories inherently oversample central k-space and may offer some robustness to motion,
reconstruction of undersampled radial acquisitions remains challenging.

Radial GRAPPA extends the GRAPPA concept by synthesizing missing radial projections from
neighboring acquired projections across multiple receiver coils. Because the geometry of radial trajectories
differs fundamentally from Cartesian sampling, specialized reconstruction weights and trajectory-aware
calibration procedures are required [24].

Parallel imaging methods were also developed for accelerated spiral trajectories. Auto-calibrated
parallel spiral imaging demonstrated the feasibility of calibration-based acceleration for spiral readouts,
while later spiral GRAPPA approaches extended these ideas to direct non-Cartesian k-space reconstruction
[25, 27]. Spiral trajectories provide highly efficient k-space coverage but are particularly sensitive to
off-resonance effects and gradient imperfections. Parallel imaging can improve their practical utility by
reducing readout duration and thereby limiting associated distortions.

Echo-planar imaging (EPI) also became one of the most important applications of GRAPPA-type

acceleration. In EPI, long readout trains produce geometric distortion, susceptibility-related artifacts,
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and image blurring. Parallel imaging reduces the required number of phase-encoding steps and therefore
shortens the EPI echo train substantially [2, 19].
The reduction of EPI distortion proved especially valuable in:

* diffusion-weighted imaging (DWI),
* functional MRI (fMRI),

e perfusion imaging,

* high-resolution brain imaging.

Another major development was the use of GRAPPA-type reconstruction for simultaneous multi-slice
(SMS) imaging. In SMS acquisitions, several slices are excited simultaneously, producing intentional slice
aliasing. Slice-GRAPPA separates the simultaneously acquired slices by applying slice-specific GRAPPA
kernels that are calibrated from individually acquired reference data [14].

Controlled aliasing methods such as CAIPIRINHA (Controlled Aliasing in Parallel Imaging Results
in Higher Acceleration) further improved SMS imaging by deliberately shifting the aliased slices relative
to each other. This shift increases the effective variation of coil sensitivities among simultaneously excited
slices, improves conditioning of the slice-separation problem, and reduces geometry-dependent noise
amplification [14].

Figure 15 shows SMS and CAIPIRINHA slice shifting.

Simultaneous Multi-Slice (SMS) and CAIPIRINHA Slice Shifting

SMS excites and acquires multiple slices simultaneously, causing slice aliasing along the slice (z) direction. ]
CAIPIRINHA (Controlled Aliasing in Parallel Imaging Results in Higher Acceleration) shifts the phase encoding of simultaneously excited slices
to distribute aliasing in-plane and improve unaliasing performance. |
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Figure 15: SMS and CAIPIRINHA slice shifting.

1. simultaneous multi-slice excitation,

2. slice aliasing,
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3. CAIPIRINHA slice shifting,

4. reconstructed separated slices.

Modern variants such as Wave-CAIPI combine controlled aliasing with additional sinusoidal gradient
modulations during readout to distribute aliasing more favorably across all three spatial dimensions [15].
These approaches permit very high acceleration factors while maintaining relatively low geometry-factor
penalties in suitable 3D imaging applications.

Iterative reconstruction methods also emerged as important extensions of calibration-based parallel
imaging. SPIRIT (Iterative Self-Consistent Parallel Imaging Reconstruction) generalized the GRAPPA
calibration concept by enforcing self-consistency among all receiver channels through iterative optimization
[12]. In SPIRIT, the reconstructed multi-coil k-space must remain consistent both with the acquired data
and with calibration relationships learned from autocalibration data.

The SPIRIT framework also facilitated integration with compressed sensing methods. Hybrid
approaches combining:

* parallel imaging,

* sparsity constraints,

* iterative regularization,
* calibration consistency

became increasingly important in modern MRI acceleration [28]. Related dynamic MRI methods further
incorporated low-rank structure together with sparsity constraints to exploit spatiotemporal redundancy
[13].

Figure 16 shows parallel imaging plus compressed sensing.

1. conventional parallel imaging,
2. compressed sensing,

3. hybrid PI+CS reconstruction.

A major conceptual advance was ESPIRIT (Eigenvalue-based Parallel Imaging Reconstruction), which
unified aspects of SENSE and GRAPPA within a common mathematical framework [20]. ESPIRIT derives
sensitivity maps directly from calibration data through eigenvalue decomposition and thereby combines
the explicit encoding interpretation of SENSE with the robustness of autocalibrated k-space methods.

The continuing evolution of GRAPPA-type and calibration-based methods reflects a broader trend in
MRI reconstruction: the transition from direct analytical reconstruction toward increasingly sophisticated
iterative and model-based reconstruction frameworks. Modern accelerated MRI frequently combines

multiple complementary strategies, including:
* parallel imaging,
* compressed sensing,

* low-rank modeling,

26



Parallel Imaging + Compressed Sensing (PI+CS)

Parallel imaging (e.g8., GRAPPA/SENSE) exploits coil sensitivity to reduce aliasing.
Compressed sensing (CS) exploits sparsity to recover images from incoherently undersampled data.
PI+CS combines both: fewer samples are needed, and the g-factor noise penalty is reduced.

1. Undersampling strategies 2. Aliasing and information sources 3. PI+CS reconstruction (conceptual pipeline)
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Figure 16: Parallel imaging plus compressed sensing.

* motion-aware reconstruction,
* deep-learning-based reconstruction.

These developments have substantially expanded the practical acceleration range of MRI and have
transformed accelerated reconstruction into a central component of contemporary MRI methodology
[13, 16, 20, 28].

4.4 Noise Amplification and Artifacts in GRAPPA

As in all parallel imaging techniques, GRAPPA reconstruction is associated with signal-to-noise ratio
(SNR) degradation and reconstruction artifacts. Accelerated acquisition inevitably reduces the amount of
acquired data and thereby lowers SNR. Additional noise amplification is introduced during reconstruction
of the missing k-space lines. Compared with conventional prescan-based SENSE, GRAPPA can be
more robust to inconsistencies between calibration and accelerated acquisition data because it does not
require explicit precomputed sensitivity maps, although it remains vulnerable to inaccurate or insufficient
calibration [2, 9, 19].

The intrinsic SNR reduction caused by undersampling follows approximately the same relationship as

in other parallel imaging methods:

(28)

where R denotes the acceleration factor.
In GRAPPA, however, the reconstruction process itself further modifies the noise distribution because

the missing k-space samples are synthesized from weighted combinations of neighboring acquired
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data. Since the interpolation kernels combine noisy measurements from multiple receiver coils, the
reconstruction introduces spatially varying noise propagation throughout the final image [2, 9].

Unlike SENSE, where the geometry factor (g-factor) is derived directly from the conditioning of the
coil-sensitivity matrix, the GRAPPA g-factor is computed from the reconstruction weights or kernels.
GRAPPA reconstructions therefore also exhibit geometry-dependent noise amplification, although the
mathematical description is formulated in terms of calibrated interpolation operators rather than explicit

image-space matrix inversion [2, 19]. Noise amplification generally increases with:
1. higher acceleration factors,
2. insufficient coil sensitivity variation,
3. inadequate ACS calibration data,
4. suboptimal kernel geometry.
Figure 17 shows GRAPPA noise amplification.

GRAPPA Noise Amplification

GRAPPA reconstructs missing k-space lines as a linear combination of acquired neighbor samples. The weights that minimize aliasing also amplify noise.

Noise amplification increases with acceleration (higher R), larger kernels, and ill-conditioned coil geometry.
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Figure 17: GRAPPA noise amplification.

One of the most important practical factors in GRAPPA reconstruction is the size and quality of the
ACS region. The ACS lines provide the calibration data required to estimate the reconstruction kernels. If
too few ACS lines are acquired, the calibration problem becomes insufficiently constrained or unstable,
leading to inaccurate kernel estimation and elevated reconstruction artifacts. Increasing the ACS size
generally improves the robustness of the estimated weights, although at the cost of additional acquisition
time [2, 9].

Figure 18 shows the effect of ACS size on GRAPPA.
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Effect of ACS Size on GRAPPA

The auto-calibration signal (ACS) provides the data used to estimate GRAPPA weights.
Too few ACS lines — inaccurate weights and residual aliasing; larger ACS — better conditioning and lower noise amplification,
but with reduced acceleration efficiency.
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Figure 18: Effect of ACS size on GRAPPA.

Several characteristic artifact types may occur in GRAPPA imaging. Residual aliasing artifacts arise
when the interpolation kernels fail to reconstruct the missing k-space lines accurately. These artifacts
often appear as ghost structures or residual fold-over patterns. Noise enhancement may also produce
spatially nonuniform image texture and local SNR degradation. In many cases, residual aliasing and noise
enhancement arise from the same underlying limitation: the chosen acceleration factor is too high for the
available coil geometry and calibration quality [2].

Another important source of artifacts is inconsistency between the ACS calibration data and the
undersampled acquisition data. Motion occurring between calibration and acquisition may alter the
effective coil sensitivities or object geometry, thereby degrading kernel accuracy. GRAPPA is often less
sensitive to this problem than conventional SENSE, but sufficiently large calibration mismatch can still
impair reconstruction quality. This issue is especially relevant in motion-prone settings such as cardiac,
abdominal, and free-breathing acquisitions [19, 25].

Echo-planar imaging (EPI) introduces additional reconstruction challenges. In EPI, phase inconsis-
tencies between data acquired with alternating readout-gradient polarities may produce Nyquist ghost
artifacts. Parallel imaging reconstruction may interact with these phase errors and degrade image quality
unless appropriate correction procedures are applied. Dual-Polarity GRAPPA was developed specifically
to combine accelerated EPI reconstruction with correction of higher-order phase errors and Nyquist
ghosting [4].

The geometry of the reconstruction kernel also strongly influences artifact behavior. Small kernels
may insufficiently capture local spatial correlations, whereas excessively large kernels reduce the number
of independent calibration examples available within the ACS region and may compromise the stability

of weight estimation. Practical GRAPPA implementations therefore employ carefully optimized kernel
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dimensions and, where needed, regularization strategies [2, 12].

Non-Cartesian GRAPPA methods such as radial or spiral GRAPPA introduce additional challenges
because the local sampling geometry varies across k-space. Each target point may require a distinct
local reconstruction geometry, making calibration more complex than in Cartesian imaging. Specialized
calibration procedures, segmentation strategies, or through-time calibration approaches are therefore
required for robust reconstruction [19, 24, 25].

Despite these limitations, GRAPPA possesses several important practical advantages compared with
image-domain methods such as SENSE:

1. no explicit sensitivity maps are required,

2. reduced sensitivity to calibration mismatch in many practical settings,

3. compatibility with conventional Fourier-based reconstruction workflows,
4. strong robustness in many clinical applications,

5. flexibility for Cartesian and non-Cartesian trajectories.

These advantages contributed substantially to the widespread adoption of GRAPPA in clinical MRI
systems. In practice, GRAPPA often provides superior robustness in challenging imaging situations
involving sensitivity-map mismatch, whereas SENSE may offer greater theoretical reconstruction efficiency
when highly accurate coil sensitivity maps are available [2, 19, 20].

The complementary strengths and weaknesses of image-domain and k-space-domain reconstruction
methods motivated extensive comparisons between SENSE and GRAPPA and stimulated the development
of hybrid reconstruction frameworks that combine aspects of both approaches [12, 20].

5 Comparison of SENSE and GRAPPA

SENSE and GRAPPA represent the two major classical approaches to parallel MRI reconstruction.
Although both methods exploit the spatial encoding information provided by phased-array receiver coils,
they differ fundamentally in reconstruction strategy, calibration requirements, noise behavior, and practical
implementation [8, 9, 20].

The most important conceptual distinction lies in the reconstruction domain. SENSE performs
reconstruction directly in image space by explicitly unfolding aliased images using coil sensitivity maps.
GRAPPA, in contrast, reconstructs missing k-space samples prior to image formation through local
interpolation kernels derived from calibration data [8, 9].

In SENSE, the reconstruction problem is formulated explicitly as a linear inverse problem:
v = Sa, (29)

where S contains the coil sensitivity information and a denotes the unknown unfolded image voxels.
Reconstruction therefore requires explicit estimation of the coil sensitivity maps.

GRAPPA avoids explicit image-space inversion by synthesizing missing k-space lines from neighboring
acquired data:

Smissing = Z w;Si, (30)
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where the weights w; are estimated from fully sampled autocalibration signal (ACS) lines [9].
One important practical consequence of this distinction is the differing sensitivity to calibration
errors and motion. Because SENSE depends directly on accurate coil sensitivity maps, it is particularly

vulnerable to:
* patient motion between calibration and imaging,
* mismatch between reference data and accelerated acquisition,
* inaccuracies in estimated coil sensitivity maps,
* incomplete or poorly conditioned spatial encoding.

GRAPPA is often more robust to these specific sensitivity-map mismatches because the reconstruction
kernels are calibrated directly from measured reference data acquired in conjunction with the scan. This
autocalibrating property contributed substantially to the broad clinical adoption of GRAPPA-type methods
[6, 20].

The noise behavior of the two methods also differs substantially. In SENSE, noise amplification is
directly related to the conditioning of the sensitivity matrix and is quantified explicitly by the geometry

factor (g-factor):
SNRyy11

gVR

In GRAPPA, noise propagation occurs through interpolation of missing k-space data using calibrated

SNRgENSE = (31)

reconstruction weights. The resulting noise amplification is less directly linked to an explicit sensitivity-
matrix inversion, but it remains geometry dependent and can be characterized through the reconstruction
kernels. Both methods therefore exhibit increased noise amplification at high acceleration factors and for
poorly conditioned coil geometries [2, 6].

Another important distinction concerns computational structure. Classical Cartesian SENSE re-
construction involves local matrix inversion for each set of aliased voxel locations, whereas GRAPPA
requires calibration and convolution-like interpolation operations in k-space. These algorithmic differences
historically influenced implementation strategies, although modern reconstruction hardware has reduced
their practical importance.

The two methods also differ in their compatibility with non-Cartesian imaging trajectories. SENSE
extends naturally to arbitrary trajectories because the reconstruction can be formulated directly in terms
of the acquisition encoding operator [18]. Non-Cartesian GRAPPA methods are also possible, but they
generally require more specialized reconstruction strategies and calibration procedures tailored to the local
sampling geometry [24, 25].

In clinical and methodological practice, GRAPPA-type approaches have been widely used in:

* echo-planar imaging (EPI),
* diffusion-weighted imaging,
e functional MRI,

* cardiac cine imaging,

* angiographic and other dynamic applications.
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SENSE-type approaches have remained especially important in:
* applications requiring explicit sensitivity-based reconstruction,
* cardiovascular imaging,

* non-Cartesian imaging,

* flexible model-based reconstruction frameworks.

A concise comparison between both methods is summarized in Table 1.

Table 1: Comparison between SENSE and GRAPPA reconstruction methods.

Property SENSE GRAPPA

Reconstruction domain Image space k-space

Calibration Coil sensitivity maps ACS-based kernel calibration
Reconstruction type Local linear inversion Local k-space interpolation
Sensitivity to calibration mismatch Higher Often lower

Noise description Explicit g-factor formulation Kernel-based noise propagation
Non-Cartesian imaging Natural extension More specialized variants
Clinical implementation Widely used Widely used

Representative strengths Sensitivity-based modeling  Autocalibrated robustness

Despite their differences, SENSE and GRAPPA are fundamentally closely related. Both methods
exploit the same underlying principle: replacement of part of conventional gradient encoding by spatial
encoding provided through phased-array coil sensitivities. ESPIRIT later demonstrated this connection
explicitly by showing that SENSE-like sensitivity maps can be derived from GRAPPA-like calibration
operators [20].

Modern iterative reconstruction methods increasingly blur the distinction between image-domain and
k-space-domain approaches. Frameworks such as SPIRIT and ESPIRIT combine aspects of SENSE and
GRAPPA within unified mathematical formulations [12, 20]. Furthermore, contemporary accelerated MRI
frequently integrates parallel imaging with compressed sensing, low-rank modeling, and deep-learning-
based reconstruction.

Figure 19 shows a unified iterative reconstruction framework.

The comparison between SENSE and GRAPPA ultimately demonstrates that parallel imaging is not a
single reconstruction method but rather a broad family of approaches exploiting phased-array coil encoding
to accelerate MRI acquisition. The choice of reconstruction strategy depends strongly on the imaging
application, acquisition trajectory, receiver-array geometry, and desired balance between acquisition speed,

robustness, and image quality.

6 Advanced Parallel Imaging Methods

6.1 Dynamic and Time-Resolved Parallel Imaging

Many MRI applications require rapid acquisition of temporally varying data. Examples include cardiac
cine imaging, perfusion MRI, functional MRI (fMRI), dynamic contrast-enhanced imaging, and real-time
MRI. In these applications, both spatial and temporal resolution are important, creating particularly

demanding acquisition requirements.
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Unified Iterative Reconstruction Framework

SENSE, GRAPPA and other methods can be expressed within a common iterative framework:

find the image = that best explains the measured k-space data y while satisfying prior information R (z)
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Figure 19: Unified iterative reconstruction framework.

Parallel imaging proved highly valuable for dynamic MRI because accelerated acquisition directly
improves temporal resolution. However, dynamic imaging also introduces additional reconstruction
challenges, including motion, changing contrast, and time-varying signal distributions [10, 26, 29].

One important development was TSENSE (Temporal SENSE), which extends the original SENSE
framework to dynamic imaging [22]. In TSENSE, sensitivity information is estimated adaptively from
temporally interleaved data rather than from separate static calibration scans. Temporal low-pass filtering
is used to suppress aliased components in the reference estimate, allowing coil sensitivity estimates to track
relatively slow changes caused by breathing, scan-plane manipulation, or other motion while maintaining
compatibility with dynamic acquisitions.

A closely related approach is TGRAPPA (Temporal GRAPPA), in which GRAPPA reconstruction
kernels are updated dynamically using temporally neighboring k-space frames [26]. In this approach,
adjacent time frames are merged to generate fully encoded autocalibration information, enabling frame-
by-frame updating of the reconstruction weights and improved tracking of time-varying relative coil
sensitivities.

These dynamic parallel imaging methods enabled major advances in cardiovascular MRI. TSENSE
was demonstrated for nonbreath-held real-time cardiac imaging during exercise stress, while TGRAPPA
was applied to accelerated, nongated, free-breathing cardiac studies with reduction factors of approximately
R =2-4[22, 26]. More broadly, parallel imaging improved cine imaging, myocardial perfusion imaging,
and coronary MR angiography by increasing temporal resolution and reducing acquisition burden [2, 10].

Parallel imaging furthermore became highly important in functional MRI (fMRI) and diffusion-
weighted imaging (DWI). In these applications, echo-planar imaging (EPI) is commonly employed because

of its extremely rapid acquisition speed. However, long EPI echo trains produce susceptibility-related
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geometric distortion, signal dropout, and image blurring. Parallel imaging reduces the required number of
phase-encoding steps and thereby shortens the EPI readout duration substantially [2, 19].

The reduction of EPI distortion becomes particularly important at higher magnetic field strengths, where
susceptibility effects are more pronounced. Modern high-field accelerated imaging therefore frequently
combines parallel imaging with advanced controlled-aliasing strategies, including blipped-CAIPI and
Wave-CAIPI, to preserve image quality at 3 T and 7 T [14, 15].

Another major development was simultaneous multi-slice (SMS) imaging, also referred to as multiband
imaging. In SMS acquisitions, several slices are excited and acquired simultaneously using multiband RF
pulses. The resulting slice superposition is then resolved using coil sensitivity encoding and dedicated
slice-separation reconstruction [14].

The SMS signal for receiver coil ¢ may be written schematically as

Ns
SEMS = Z Sc(zm) p(zm), 32)
m=1

where Ny denotes the number of simultaneously excited slices, S.(z,,) represents the coil sensitivity of
receiver c at slice position z,,,, and p(z,,) denotes the corresponding slice signal.

Controlled aliasing methods such as CAIPIRINHA further improved SMS imaging by introducing
deliberate phase modulations that shift the aliased slices relative to one another [14]. These shifts increase
the effective variation in coil sensitivities across the simultaneously excited slices, improve the conditioning
of the slice-separation problem, and reduce geometry-factor penalties.

Wave-CAIPI extended this concept further by introducing additional sinusoidal gradient modulations
during readout [15]. The resulting corkscrew-like k-space trajectory spreads aliasing more favorably
across all three spatial dimensions, enabling highly accelerated volumetric imaging with relatively low
geometry-factor penalties in suitable applications.

Parallel imaging also became increasingly integrated with compressed sensing methods. Compressed
sensing exploits image sparsity to reconstruct images from highly undersampled k-space data [30]. In
many modern reconstruction frameworks, parallel imaging provides spatial encoding while compressed
sensing contributes sparsity-based regularization and additional constraints on the solution [11, 28].

The combined reconstruction problem may be written schematically as
min [|Ax — y[I3 + AWl (33)

where:
* A represents the parallel imaging forward operator,
* y denotes the measured k-space data,
* W is a sparsifying transform,
* Ais aregularization parameter.

The integration of parallel imaging with compressed sensing enabled highly accelerated reconstructions
in applications such as cardiac perfusion MRI, real-time cardiac cine MRI, dynamic contrast-enhanced
imaging, and free-breathing body MRI [28, 31, 32].
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More recently, deep-learning-based reconstruction methods have emerged as another major extension
of accelerated MRI. Learned reconstruction models may be incorporated into iterative reconstruction
frameworks as trainable regularizers or unrolled optimization networks, and related approaches have also
been developed for direct multicoil MRI reconstruction [16, 17].

Modern accelerated MRI therefore increasingly combines:
* parallel imaging,

* compressed sensing,

* low-rank modeling,

¢ motion-aware reconstruction,

* deep-learning-based regularization.

These developments transformed MRI reconstruction from a largely analytical inverse problem into a
sophisticated computational imaging framework capable of achieving acquisition speeds far beyond those
possible with conventional Fourier imaging alone [13, 16, 32].

6.2 Iterative Reconstruction and Unified Parallel Imaging Frameworks

As parallel imaging methods evolved, the distinction between classical image-domain approaches such as
SENSE and k-space approaches such as GRAPPA became increasingly blurred. Modern reconstruction
methods are frequently formulated as generalized inverse problems solved iteratively rather than through
direct analytical reconstruction [12, 20].

In conventional SENSE, reconstruction is performed through explicit matrix inversion in image space.
GRAPPA, in contrast, synthesizes missing k-space samples through local interpolation kernels. Both

approaches, however, may be interpreted within a more general encoding framework:
y=Ax+n, (34)

where:
* y denotes the measured k-space data,
* x is the unknown image,
» A represents the MRI encoding operator,
* n denotes measurement noise.
The encoding operator A may include:
* Fourier encoding,
» sampling trajectory,
* coil sensitivity encoding,

 undersampling pattern.
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General MRI Encoding Operator

The measured k-space data from all receive coils can be written as a linear encoding of the object magnetization
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Figure 20: General MRI encoding operator.

Figure 20 shows the general MRI encoding operator.

Within this framework, image reconstruction becomes an inverse problem in which the unknown

image x must be estimated from incomplete and noisy measurements. Because the reconstruction problem

is often ill posed, additional regularization constraints are introduced to stabilize the solution.

A general regularized reconstruction problem may be written as

# = argmin ([ Ax - |3 + AR()) (35)

where R(x) denotes a regularization functional and A controls the regularization strength.

The regularization term may enforce:
* image smoothness,

* sparsity,

* temporal consistency,

¢ low-rank structure,

* learned image priors.

Iterative reconstruction methods solve Eq. (35) through repeated optimization steps rather than direct

analytical inversion. Common optimization strategies in accelerated MRI and compressed-sensing MRI

include:

* conjugate-gradient methods,
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* iterative least-squares optimization,

 proximal gradient methods,

* alternating direction method of multipliers (ADMM),
e primal-dual algorithms.

These algorithmic families are widely used for regularized MRI reconstruction problems involving sparsity
or related nonsmooth penalties [33].

Figure 21 shows the iterative reconstruction loop.

Iterative Reconstruction Loop

Iterative methods solve min & [ly — Ex|f} + AR(z) by repeatedly enforcing data consistency and promoting prior information
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Figure 21: Iterative reconstruction loop.

One of the most influential unified frameworks is SPIRIT (Iterative Self-Consistent Parallel Imaging
Reconstruction) [12]. Instead of explicitly reconstructing missing k-space lines or sensitivity maps in a
purely direct manner, SPIRIT enforces self-consistency relationships among all receiver channels through
iterative optimization.

In SPIRIT, the reconstructed multicoil k-space data must satisfy a self-consistency relation of the form
x = Gx, (36)

where G is a calibration operator derived from autocalibration data. The reconstruction therefore
enforces agreement both with the acquired measurements and with the learned multichannel calibration
relationships.

Figure 22 shows SPIRIT self-consistency.

An important conceptual advance was ESPIRIT (Eigenvalue-based Parallel Imaging Reconstruction),
which unified aspects of SENSE and GRAPPA within a common mathematical framework [20]. ESPIRiT

37



SPIRIT Self-Consistency

SPIRIT (lterative Self-consistent Parallel Imaging Reconstruction from Arbitrary k-space) enforces that k-space data

are consistent with a set of calibration-based linear prediction (null-space) relationships.
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Figure 22: SPIRIT self-consistency.

derives effective sensitivity maps directly from calibration data using eigenvalue decomposition and

thereby combines:
* the explicit encoding interpretation of SENSE,
* the autocalibration robustness of GRAPPA-like methods.

Figure 23 shows ESPIRIT eigenvalue sensitivity maps.
Iterative reconstruction frameworks proved especially valuable for arbitrary and non-Cartesian sampling

trajectories, including:
* radial imaging,
* spiral imaging,
* other generalized k-space trajectories.

In such acquisitions, direct Fourier reconstruction becomes more complicated because the sampled k-space
locations do not lie on a regular Cartesian grid. Iterative methods naturally accommodate arbitrary
sampling trajectories through generalized forward models [12, 18, 27].

Parallel imaging also became increasingly integrated with compressed sensing reconstruction. In com-
pressed sensing MRI, sparsity constraints are introduced to stabilize highly undersampled reconstructions

[30]. The resulting optimization problem combines:
* data consistency,

* coil encoding,
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ESPIRIT Eigenvalue Sensitivity Maps

ESPIRIT (Eigenvalue-based Self-consistent Parallel Imaging Reconstruction)

Derives coil itivity maps as ei; of the ESPIRIT operator. Eigenvalues indicate the quality of the sensitivities.
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Figure 23: ESPIRIT eigenvalue sensitivity maps.

* sparsity regularization.
The key elements are:

1. classical parallel imaging,
2. compressed sensing,

3. unified iterative reconstruction.

Low-rank reconstruction methods further extended this framework by exploiting temporal and spatial
redundancies in dynamic MRI datasets [13]. Dynamic image series often exhibit strong correlations
between neighboring frames, allowing reconstruction from highly undersampled acquisitions.

Deep-learning-based methods now represent another major extension of iterative reconstruction.

Neural networks may be incorporated:

* as learned regularizers,
* as unrolled iterative optimization networks,

¢ as direct multicoil reconstruction models.

These developments build on the same broad inverse-problem framework while replacing hand-designed
regularization terms with learned reconstruction components [16, 17].

Figure 24 shows deep-learning-assisted reconstruction.

The evolution toward unified iterative frameworks reflects a major conceptual shift in MRI recon-
struction. Modern accelerated MRI no longer relies solely on Fourier inversion but instead treats image

reconstruction as a computational imaging problem integrating:
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Deep-Learning—Assisted MRI Reconstruction

DL models learn an image-domain prior from data and are combined with the MRI encoding model to recover high-quality images from undersampled data
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Figure 24: Deep-learning-assisted reconstruction.

* acquisition physics,
* coil encoding,

* signal models,

* optimization theory,
« gstatistical inference,
* machine learning.

This development enabled acceleration factors and reconstruction capabilities far beyond those
achievable with the original classical SENSE and GRAPPA formulations and continues to drive ongoing
advances in ultrafast MRI [12, 16, 20].

7 Applications of Parallel Imaging

7.1 Echo-Planar Imaging and Diffusion MRI

One of the most important applications of parallel imaging is echo-planar imaging (EPI). EPI is an ultrafast
MRI technique in which an entire image, or a substantial portion of k-space, is acquired following a single
RF excitation by rapidly oscillating readout gradients combined with phase-encoding blips. Because of its

exceptional acquisition speed, EPI became a central acquisition strategy for:

* diffusion-weighted imaging (DWI),
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 functional MRI (fMRI),
* perfusion-sensitive imaging,
* other rapid single-shot and time-resolved applications.

However, conventional EPI also suffers from several important limitations. The long echo trains

required for full k-space acquisition produce:
* geometric distortion,
* susceptibility-related artifacts,
* image blurring,
* chemical-shift-related displacement,
* signal loss in regions with strong magnetic field inhomogeneity.

These problems become increasingly severe at higher magnetic field strengths because off-resonance
effects and susceptibility-related distortions become more pronounced [2, 34].

Parallel imaging substantially improves EPI by reducing the number of required phase-encoding steps.
If the acquisition is accelerated by a factor R, the EPI echo train is shortened approximately in proportion

to the reduction in acquired phase-encoding lines:

Techo train, full
Techo train,acc ~ T (37)

The shorter readout duration reduces the time during which off-resonance phase accumulation occurs,
thereby decreasing geometric distortion, blurring, and related signal degradation [2, 3].

Figure 25 shows a shortened EPI echo train with parallel imaging.

1. conventional EPI echo trains,
2. accelerated EPI trajectories,

3. resulting distortion reduction.

This improvement proved especially important in diffusion-weighted imaging (DWI). Diffusion MRI
commonly relies on single-shot spin-echo EPI because diffusion sensitization already produces substantial
signal attenuation and because rapid acquisition reduces sensitivity to bulk motion. However, DWI is
highly susceptible to EPI-related geometric distortion, particularly near air—tissue interfaces in the head
and neck region and in anatomically complex areas with strong local field inhomogeneity.

Parallel imaging therefore became highly valuable in diffusion MRI by reducing EPI echo-train length,
limiting off-resonance-induced distortion, and helping to improve the feasibility of higher-resolution
diffusion acquisitions [2, 35].

Figure 26 shows diffusion MRI with and without parallel imaging.

Parallel imaging also enabled improvements in spatial resolution for diffusion MRI. Because the EPI
echo train is shortened, smaller voxel sizes may be used with less severe image distortion or T5-related

blurring. This capability proved particularly valuable in:
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Figure 25: Shortened EPI echo train with parallel imaging.

Diffusion MRI with and without Parallel Imaging (PI)

Parallel imaging shortens echo train length in EPI readeuts, redueing distortion and T," blurring, leading to improved diffusion data quality.

1. Diffusion MRI: sequence and EPI readout
Diffusion weighting Single-shot EPI readout
o 1807

e

Long echo train (ETL = N)

fstortion and T, blurring

2. k-space and echo train with vs. without Pl

No PI (& = 1)

Fully sampled k-space

Signat
amplitude

Echo time

ETL = N (long)

Accaleration (R) undersamples k,

4. Diffusion data comparison

b= 1000 5/mm?

(example)

Diffusion-weighted

image (x-direction)

Axial EPL
(readout in
anterior-posterior

directi

= Markedt goometric distortion

orbitofrantal regions).
« T, blurring reduces sharpness and anisotropy contrast
« Lower tract continuity and reliabiity of diffusion metries.

5. Impact on diffusion metrics

Mean FA ADE (x10° mm?/5) FA vs. bovalue
(whole brain) (bl brain) (esarmple)
A 2 g
06 = 15 == Uil &
-
04 10 .
04 -
02 05 oy
o T s
o ol 0 s w0 1500 2000
R=1 R=2

Bevalue (s/mm’)

Using parallel imaging in diffusion EPI shortens the echo train

FA map

Without PI (R = 1, full sampling)

Color FA (RGB)

. signal dropout near sir-tissue interfaces (e.g.. temporal lobes,

6. Trade-offs

PI yiclds higher FA,
lower ADC bias, and

better bvalue

LY

behavior by reducing

distortion and

- e

-

substantially reducing

3. Effect on distortion and blurring

No PI (R = 1)
Long ETL

More off-resonance time

With PI (R = 2)
Shorter ETL

Less off-resonance time

With Pl (e.g.. R =2)

Undersampled k-space

cececse
Signal

amplitude
csce

s0ooc000e

soso

Echo time.

ETL = N/ R (shorter)

Reduced distortion
and T,* blurring

Severe geometric distortion

+ shorter acho train — less off-resonanca time

and T," blurring

With Pl (R = 2, GRAPPA/SENSE)

n-weighted

image (z-direction)

FA map Color FA (RGB)

FA color code

Superior-Inferior
(2)

Loft-Right

)

Anterior-Posterior

©

= Redused geormetric distortior

d signal dropout.
FA: fractional anisotropy

* Less T," Bluring — improved sharprass sod &

isotropy conteast

= Bottor tract continuity and more reliable diffusion metrics.

Notation Abbreviations

Shorter ETL opzeat thoics) Aceeleration factor — e BRI

Less distortion /' blurring e ETL  Echotrain longth (number of echoes)
i i i R=2-3 GRAPPA Generalized Autocalibrating
improved diffusion metrics Ey..Exy Echo imes tong the trsin

(balance batwaen e Partial Parallel Acquisition
Botter tractography g T° Efective transverse retacation time

SENSE  Sensiiity Encoding
SNR, and 3 Diffusion wighting (3/mm)

SNR penalty (~1/ VR) acquisition FA Fractionsl snisotrany DWI Diffuion-weighted imaging
g-factor noise amplification time) ADC  Appurent diffuion costiciant RCB  Red-Groen-Blue
Highor demands on coil array T (fber oriantation map)

(more channels)

n and T," blurring, which improves the fidelity of diffusion-weighted images and derived metrics

Figure 26: Diffusion MRI with and without parallel imaging.
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* diffusion tensor imaging (DTI),

* tractography-oriented acquisitions,

* high-resolution brain diffusion imaging,

* other applications requiring improved geometric fidelity.

[2, 35]

Functional MRI (fMRI) similarly benefited greatly from parallel imaging. Blood oxygen level
dependent (BOLD) fMRI commonly relies on gradient-echo EPI acquisitions, which are highly sensitive
to susceptibility-induced artifacts and geometric distortion. Parallel imaging reduces these distortions and
can improve temporal resolution and spatial accuracy of functional localization [2, 3, 36].

The importance of parallel imaging became even greater with the emergence of ultra-high-field
MRI systems operating at 7 T and above. At such field strengths, susceptibility-related distortions
and signal nonuniformities become particularly challenging. Parallel imaging, and later simultaneous
multi-slice controlled-aliasing strategies, became especially valuable for maintaining practical EPI-based
neuroimaging performance at high field strengths [14, 15, 34].

Simultaneous multi-slice (SMS) imaging further transformed diffusion MRI and fMRI by enabling
acquisition of multiple slices simultaneously. Combined with parallel imaging reconstruction, SMS
techniques substantially increase temporal efficiency while preserving whole-brain coverage [14].

Figure 27 shows SMS-accelerated fMRI.
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Figure 27: SMS-accelerated fMRI.

Modern neuroimaging protocols therefore often combine:

* EPI,
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* parallel imaging,

* simultaneous multi-slice acquisition,

* advanced controlled-aliasing strategies,

* iterative or regularized reconstruction methods.

These developments substantially expanded the temporal and spatial performance of modern neuroimaging
and established parallel imaging as a central component of accelerated EPI-based MRI [14, 15, 19].

7.2 Cardiovascular MRI

Cardiovascular MRI represents one of the most demanding applications of medical imaging because
both cardiac motion and respiratory motion occur continuously during data acquisition. High spatial
resolution, high temporal resolution, and large volumetric coverage are often required simultaneously.
Parallel imaging therefore became a key enabling technology for modern cardiovascular MRI [10].

One of the earliest major applications was cine MRI for assessment of cardiac function. Conventional
cine imaging often requires segmented k-space acquisitions synchronized to the electrocardiogram (ECG).
Because data acquisition extends over multiple cardiac cycles, respiratory motion may introduce substantial
artifacts unless patients repeatedly hold their breath.

Parallel imaging substantially reduces acquisition time and enables:
¢ shorter breath-hold durations,

* improved temporal resolution,

* larger anatomical coverage,

* higher spatial resolution within a practical scan time.

[10]

Figure 28 shows accelerated cardiac cine MRI.

The temporal resolution of cine MRI is particularly important for accurate visualization of cardiac
wall motion and valve dynamics. By reducing the number of acquired phase-encoding lines, parallel

imaging allows temporal resolution to be improved or scan duration to be reduced:

N,
Ttrame % (38)

Accelerated cine imaging therefore supports more efficient assessment of:
* ventricular contraction,
* diastolic filling,
 valve motion,

* myocardial synchrony.
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Accelerated Cardiac Cine MRI

Parallel imaging and k-space acceleration reduce breath-hold duration while preserving spatiotemporal resolution.
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Figure 28: Accelerated cardiac cine MRI.

[10]

Myocardial perfusion imaging also benefited substantially from parallel imaging. First-pass perfusion
MRI requires rapid repeated acquisition during passage of contrast agent through the myocardium. Because
signal enhancement evolves rapidly over time, both high temporal and spatial resolution are essential.

Parallel imaging enabled:

* increased slice coverage,

* improved in-plane spatial resolution,

» more efficient temporal sampling,

* better balance among coverage, resolution, and acquisition speed.

More advanced hybrid approaches combining parallel imaging and compressed sensing later enabled still
higher acceleration factors for first-pass cardiac perfusion MRI [10, 31].

Coronary MR angiography (MRA) presents another particularly demanding application because the
coronary arteries are small, tortuous, and continuously moving. Conventional high-resolution coronary
imaging requires long acquisition times and is highly sensitive to respiratory motion.

Parallel imaging reduced acquisition duration sufficiently to support:
* shorter breath-hold coronary acquisitions,
* navigator-gated free-breathing coronary imaging,

* thicker-volume or broader-coverage acquisitions,
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* improved visualization of long and tortuous coronary segments.

[10]

Real-time cardiac MRI became increasingly feasible through the combination of:
e parallel imaging,

* radial or spiral trajectories,

* dynamic calibration methods,

* iterative reconstruction.

These developments are particularly relevant in motion-sensitive settings such as free-breathing cardiac
imaging and real-time evaluation of ventricular function [25, 26].

Parallel imaging can also help reduce specific absorption rate (SAR) burdens in selected pulse-sequence
settings, particularly for RF-intensive multiecho sequences at 3 T and above. By reducing the number
of required phase-encoding steps, parallel imaging can either shorten acquisition time or permit longer
repetition periods at fixed scan duration, thereby reducing RF energy deposition per unit time in appropriate
protocols. This consideration is relevant for some cardiovascular MRI applications at higher field strengths
[2, 10].

Respiratory motion remains one of the principal challenges in cardiovascular MRI. Dynamic parallel
imaging methods such as TSENSE and TGRAPPA proved especially valuable because they adapt sensitivity
or calibration information over time in the presence of changing object position and coil sensitivity
relationships [22, 26].

Parallel imaging furthermore became increasingly integrated with non-Cartesian trajectories in
cardiovascular MRI. Radial and spiral acquisitions provide useful motion properties and efficient k-space
coverage, while parallel imaging compensates for the associated undersampling burden [18, 25].

Modern cardiovascular MRI therefore frequently combines:
e parallel imaging,

* radial or spiral trajectories,

* compressed sensing,

¢ motion-aware reconstruction,

* iterative reconstruction.

These developments transformed cardiovascular MRI from a comparatively slow and motion-sensitive
technique into a highly flexible dynamic imaging modality capable of visualizing cardiac anatomy, function,

perfusion, and vascular structures with markedly improved spatial and temporal efficiency [10, 25, 31].

7.3 Magnetic Resonance Angiography and Dynamic Contrast Imaging

Magnetic resonance angiography (MRA) was among the earliest MRI applications to benefit substantially
from parallel imaging. Vascular imaging requires high spatial resolution over large anatomical regions

while simultaneously maintaining short acquisition times to minimize motion artifacts and optimize contrast
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timing. Parallel imaging therefore became a key enabling technology for modern contrast-enhanced MRA
[2,5,10].

In conventional contrast-enhanced MRA, a gadolinium-based contrast agent is injected intravenously,
and image acquisition must be synchronized with the arterial passage of the contrast bolus. Because
vascular enhancement changes rapidly over time, acquisition speed is critically important.

Parallel imaging reduces scan duration by decreasing the number of required phase-encoding steps:

Trun
TvrA ~ ; . (39)

The shorter acquisition time improves temporal synchronization between contrast enhancement and image
acquisition, thereby facilitating arterial-phase imaging and reducing overlap with later venous enhancement
[5, 10].

Figure 29 shows contrast-enhanced MRA with parallel imaging.
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Figure 29: Contrast-enhanced MRA with parallel imaging.

Parallel imaging also enabled substantial increases in spatial resolution for MRA. Because acquisition
time is reduced, smaller voxel sizes or larger volumetric coverage can be pursued while maintaining

clinically practical scan durations. This improvement proved valuable in:
* carotid and intracranial angiography,
e peripheral vascular imaging,
* renal artery imaging,

* coronary MR angiography.
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[2, 10]

Time-resolved contrast-enhanced MRA represented another important application of acceleration. In
dynamic MRA, multiple image volumes are acquired sequentially during passage of the contrast bolus.
This permits visualization of vascular filling dynamics and helps distinguish arterial from venous phases.

Dynamic MRA requires rapid volumetric acquisition. Parallel imaging therefore became highly
valuable for achieving sufficient temporal resolution while preserving acceptable spatial resolution. In
contemporary practice, dynamic angiographic and contrast-enhanced protocols are often combined with
additional acceleration strategies such as view sharing, radial sampling, compressed sensing, and iterative
reconstruction [10, 32].

Figure 30 shows a representative time-resolved sampling strategy and view-sharing concept.
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Figure 30: Representative time-resolved sampling and view-sharing strategy.

Parallel imaging also proved valuable in non-contrast angiographic and vascular applications. Tech-

niques such as:
* time-of-flight (TOF) MRA,
* phase-contrast angiography,
* free-breathing non-contrast vascular imaging,

* other flow-sensitive vascular acquisitions

benefit from reduced acquisition duration and improved efficiency, particularly when high spatial resolution
or broad anatomical coverage is required [2, 10].

At higher magnetic field strengths, acceleration methods may further help manage some sequence-
design constraints and shorten demanding acquisitions, although image quality remains affected by the

broader challenges of high-field MRI such as susceptibility effects and field inhomogeneity [2, 34].
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Dynamic contrast-enhanced MRI (DCE-MRI) also benefited substantially from accelerated imaging.
In DCE-MRI, repeated volumetric acquisitions are performed during and after administration of contrast
agent in order to characterize tissue enhancement dynamics and perfusion-related behavior.

Applications include:

* abdominal dynamic MRI,

* liver imaging,

* prostate imaging,

* renal and other body imaging applications,

* other multiphase contrast-enhanced examinations.

Because contrast enhancement evolves rapidly, both temporal resolution and spatial resolution are important.
Parallel imaging, increasingly combined with compressed sensing and non-Cartesian sampling, supports
this tradeoff in dynamic body MRI [32].

Modern angiographic and dynamic imaging protocols frequently combine:
* parallel imaging,

e compressed sensing,

* radial or spiral trajectories,

* view-sharing or time-resolved sampling strategies,

* iterative reconstruction.

These combinations enabled substantial improvements in both spatial and temporal resolution while
maintaining clinically practical acquisition times [10, 32].

The integration of parallel imaging into angiographic and dynamic MRI applications illustrates one
of the central strengths of accelerated MRI: the ability to trade redundant spatial encoding for improved
temporal performance. This capability substantially expanded the utility of MRI for visualizing dynamic

physiologic and vascular processes.

7.4 Pediatric MRI and PET/MR Imaging

Pediatric MRI presents unique technical and clinical challenges because long acquisition times increase
the likelihood of patient motion and may increase the need for sedation or general anesthesia. Reduction
of scan duration is therefore particularly important in pediatric imaging, both to improve image quality
and to reduce the logistical burden associated with prolonged examinations [37].

Parallel imaging became highly valuable in pediatric body MRI because accelerated acquisition
directly shortens scan time while preserving diagnostically useful image quality. Combined parallel
imaging and compressed sensing strategies were specifically explored to improve the feasibility of fast
pediatric body MRI and to reduce motion sensitivity in challenging examinations [37].

In pediatric body imaging, acceleration strategies are especially attractive for:

* abdominal imaging,
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* free-breathing acquisitions,
* volumetric imaging,
* protocols in patients who have difficulty remaining still.

[32, 37]

The importance of efficient MRI acquisition becomes even clearer in integrated PET/MR systems.
PET/MR combines the metabolic information of positron emission tomography (PET) with the high
soft-tissue contrast of MRI while substantially reducing radiation exposure compared with PET/CT. In the
initial pediatric oncology experience reported by Hirsch et al., PET/MR enabled simultaneous metabolic
and morphologic assessment and included whole-body diffusion-weighted MRI, but examination duration
remained longer than PET/CT and therefore continued to pose practical workflow challenges [38].

One of the principal technical limitations of PET/MR is therefore the duration of the MRI component.
While PET and MR data can be acquired simultaneously in integrated systems, the MR protocol remains a

major determinant of examination time. L.ong examinations may increase:
e motion artifacts,
* patient discomfort,
» workflow complexity,

* the practical burden of pediatric oncologic imaging.

[38]
In pediatric oncology PET/MR, the need for efficient acquisition is particularly evident because

examinations may combine:
* whole-body imaging,
* diffusion-weighted imaging,
* high-resolution regional imaging,
* multiparametric MR protocols.

The available PET/MR experience demonstrates the clinical relevance of comprehensive but time-efficient
pediatric imaging, while the broader pediatric MRI literature shows why acceleration strategies are
attractive in this setting [37, 38].

Diffusion-weighted imaging is particularly important in oncologic PET/MR because it provides
complementary information to FDG uptake and contributes to multiparametric assessment of disease
burden. Whole-body DWI formed part of the pediatric PET/MR protocol reported by Hirsch et al. [38].

Parallel imaging also became increasingly important for ultrafast pediatric MRI protocols designed to

shorten examination times and reduce motion vulnerability. Modern accelerated protocols may combine:
* parallel imaging,
* compressed sensing,

* non-Cartesian trajectories,
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e motion-aware reconstruction.

These strategies are particularly attractive in children because they can improve robustness in settings
where long breath-holds or prolonged immobility are difficult to achieve [32, 37].

Free-breathing imaging approaches are especially valuable in pediatric MRI because many young
patients cannot reliably perform breath-holds. Acceleration strategies facilitate free-breathing and motion-
robust acquisition by reducing the effective sampling burden and enabling more flexible reconstruction
frameworks [32, 37].

Modern pediatric MRI increasingly relies on accelerated acquisition frameworks integrating:
* phased-array receiver systems,

e parallel imaging,

e iterative reconstruction,

* compressed sensing,

* motion-aware acquisition and reconstruction.

These developments have made MRI more practical in demanding pediatric applications and have supported
the broader expansion of multiparametric, radiation-sparing imaging workflows. Parallel imaging plays an
important role in this progress, especially when combined with more advanced accelerated reconstruction
strategies [32, 37, 38].

8 Parallel Imaging in MRI Simulation

8.1 General Signal Model

Simulation provides a valuable framework for investigating parallel imaging under controlled conditions.

Because accelerated MRI involves interactions between:
* spatial encoding,
* coil sensitivity encoding,
* undersampling,
* noise propagation,
* reconstruction algorithms,

numerical experiments are especially useful for evaluating how acquisition and reconstruction choices
influence image quality and artifact behavior [18, 23].

A general signal model for the data acquired by receiver coil ¢ may be written as

se(t) = / Se(r) p(r) e 27KOT g (40)

where:

* p(r) denotes the spatial spin density distribution,
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* S.(r) is the sensitivity profile of receiver coil c,

 Kk(#) describes the k-space trajectory generated by the gradient system.

The k-space trajectory itself is determined by the applied magnetic field gradients:

k(1) = %/0 G (1) dr, (41)

where G(7) represents the vector gradient waveform.
Figure 31 shows a parallel MRI simulation pipeline.
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Figure 31: Parallel MRI simulation pipeline.

In computational parallel-imaging studies, the object is commonly represented on a discrete spatial
grid:
p(X) = Pm.n, (42)

so that simulated coil images and k-space data can be generated numerically. Depending on the purpose of
the simulation, one may further incorporate simplified models of:

* relaxation-related signal weighting,

* off-resonance effects,

* diffusion weighting,

* motion or time-varying object structure.

In parallel MRI simulations, each receiver coil possesses an individual spatial sensitivity profile:
Se(x,y) = Se(x, y)|e! P, (43)
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where both amplitude and phase may vary spatially. The measured signal is therefore generated
independently for each receiver channel, and the collection of all coil signals forms the basis for subsequent
parallel imaging reconstruction [2, 8].

An important component of realistic parallel-imaging simulation is noise modeling. Receiver noise
may be approximated as additive complex Gaussian noise:

Smeasured = Sideal T 71, (44)

where n denotes complex-valued noise. In phased-array systems, noise correlations between receiver
channels may additionally be represented through a covariance matrix:

C = E[nn"]. (45)

This covariance structure is relevant because correlated receiver noise directly influences parallel imaging
reconstruction and g-factor behavior [8, 18].

Figure 32 shows noise modeling in MRI simulation.
Noise Modeling in MRI Simulation

From k-space noise synthesis to realistic image-domain noise

1. Noise sources 2. Noise covariance estimation

3. Correlated noise synthesis 4. Add noise to signal in k-space 5. Inverse FFT to image space
1 in k-space
Acquire multiple noise-only scans For each coll
= o z Simulated (noise-free) k-space eyian
(pre-scan / prasean): Generate white complex Gaussian

e
- " noise w ~ CN(0, I) Yelx) = F {Sc(k) + nc(k)}
B : Estimate noise covariance ¥

G ol Pediie datal(lepct)) Impase conrelation using ¥:
the receiver channols.

Complex coil images (magnitude)

n=1Lw

High where W = LLM (Cholesky)

.

Low

W =E{nn"} (Nex Ne)

n: noise vector across coils

K

6. Noise statistics in image space 7. Noise scaling and SNR control 8. Impact on reconstructed images (example: R = 3 GRAPPA)
2) Noise-only images b) Noise standard deviation map <) Noise correlation (image domain)

To achieve targot SNR at location X,
(no ebject signal) (magnitude) (exammple: average over beain ROT)

Refeonce (o mose)  Reatitc nose (1o L Noiee ampliction (- factor)

S et (x

SNR(x) = I ;(’i ;’“
o

ol j
High 5] e
1
1
P Scale noise by factor o
H o
8 Picalea = @N
o e ' 1 Choose o such that SNR(xo) matches target
/
|

~
alx) < y PG
=

Remains correlated after FFT Noise characteristics and g-factor jointly determine perceived image quality.

Common noise models Take-home message

Realistic noiss e
ing
( ))  essential for faithful evaluation
of aceelerated MRI mathods.

= Noise level controls SNR; ac

Figure 32: Noise modeling in MRI simulation.

Parallel imaging simulations typically involve deliberate k-space undersampling. In Cartesian imaging,
undersampling masks may be applied directly:

Sacc(kx, ky) = M(kx, ky) S(kx, ky), (46)

where M (ky, k) denotes the sampling mask.

The key elements are:
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1. fully sampled k-space,

2. regular undersampling,

3. variable-density undersampling,

4. randomly distributed undersampling patterns.
Simulation is particularly valuable for evaluating:
¢ acceleration limits,

» geometry-factor behavior,

* residual aliasing,

SNR degradation,
* calibration requirements,
* reconstruction performance for non-Cartesian trajectories.

These aspects were investigated explicitly in simulation studies of accelerated SENSE and VD-AUTO-
SMASH reconstruction [18, 23].

Parallel MRI simulations may be performed at several levels of abstraction. Simplified simulations
can operate directly on digital phantoms, sensitivity maps, and synthesized k-space data. More detailed
studies may additionally account for specific trajectory design, off-resonance effects, or motion-related
inconsistencies when these factors are relevant to the acquisition being modeled.

Sequence-specific simulations are particularly useful for studying:
* Cartesian undersampling,

* radial acquisitions,

* spiral imaging,

* simultaneous multi-slice encoding,

* trajectory-dependent reconstruction behavior.

Such studies are useful for examining the interaction between acquisition geometry and parallel
imaging reconstruction, particularly when the sampling trajectory departs from a regular Cartesian grid
[14, 18].

8.2 Simulation of Coil Sensitivities and Parallel Encoding

A central component of parallel MRI simulation is the modeling of receiver coil sensitivity profiles.
Because spatial encoding in parallel imaging relies directly on the variation of coil sensitivities across
the imaging volume, realistic sensitivity modeling is essential for accurate simulation of accelerated
acquisition and reconstruction.

The sensitivity profile of a receiver coil describes the spatial variation of the detected RF signal

amplitude and phase. In general, the sensitivity depends on:
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* coil geometry,

e coil size,

* coil position,

* operating frequency,

* the electromagnetic relationship between the coil and the imaged object.

For simulation purposes, simplified analytical sensitivity models are often useful. A general
representation is

Sc(x,y) = Ac(x, y) e, 47
where A.(x,y) denotes the spatial amplitude distribution and ¢.(x,y) represents the spatial phase
variation.

Figure 33 shows coil sensitivity model comparison.
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Figure 33: Coil sensitivity model comparison.

1. linear coil arrays,
2. circumferential head coils,
3. body arrays,

4. surface coils.
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A particularly relevant example from the parallel-imaging literature is the use of analytically generated
coil sensitivity maps based on integration of the Biot—Savart law. Such maps were used in simulation
studies of VD-AUTO-SMASH to investigate reconstruction performance as a function of acceleration and
ACS sampling [23].

Although simplified analytical models are computationally efficient, sensitivity information may
also be derived from measured coil maps or experimentally acquired reference data when the goal is to
reproduce realistic system behavior more closely [2, 8].

The number and geometry of the receiver coils strongly influence parallel imaging performance.
Increasing the number of receiver channels can improve spatial encoding diversity and may permit higher
acceleration factors with reduced geometry-factor penalties, provided that the coil sensitivities remain
sufficiently distinct along the accelerated direction [2, 3].

The key elements are:

1. 4-channel arrays,
2. 8-channel arrays,
3. 16-channel arrays,
4. 32-channel arrays.
Simulation frameworks may therefore be used to investigate the relationship between:
* receiver-array geometry,

¢ acceleration factor,

SNR behavior,
» geometry-factor distribution,
* reconstruction stability.

In SENSE simulations, the sensitivity maps enter directly into the reconstruction equations:
v = Sa, (43)

where S contains the spatial sensitivity information [8].

In GRAPPA simulations, coil sensitivities influence reconstruction indirectly through the correlations
between neighboring k-space samples across receiver channels. Different coil geometries therefore alter
the quality of the calibrated reconstruction kernels and the level of residual noise amplification [2, 9].

An important phenomenon that may be investigated through simulation is geometry-factor (g-factor)
behavior. The g-factor depends strongly on the spatial independence of the coil sensitivities:

g =8(Sc,R,x), (49)
where the geometry factor depends on:

* coil sensitivity distribution,
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¢ acceleration factor,
* spatial position.

(2, 8]
Simulation also permits systematic evaluation of the influence of correlated receiver noise. Noise

covariance may be incorporated explicitly:
C= E[nnH], (50)

where n denotes the vector of complex receiver noise. This allows reconstruction studies to distinguish
idealized independent-noise behavior from more realistic phased-array noise conditions [8, 18].
Another important application of coil simulation is the investigation of receiver-array design. By

varying:
* coil geometry,
* coil spacing,
* coil orientation,
* channel count,
* anatomical coverage,

one may examine how the array design affects achievable acceleration and noise amplification [2, 3].

Simulation studies are especially attractive for high-channel-count arrays because the relationship
between coil geometry, local sensitivity variation, and g-factor behavior becomes increasingly complex as
the number of elements rises.

Simulation frameworks may also be used to examine advanced encoding concepts such as:
* simultaneous multi-slice encoding,

* controlled aliasing,

Wave-CAIPI-type encoding,
* non-Cartesian parallel imaging.

These methods rely fundamentally on the same principle: receiver coil sensitivities provide additional
spatial encoding beyond the gradients alone [14, 15, 18].

These studies illustrate that receiver coils are no longer merely signal detectors in modern MRI
systems. Instead, the coil array itself has become an integral component of the spatial encoding process
and therefore plays a central role in accelerated MRI acquisition.

8.3 Simulation of Undersampled Acquisition and Reconstruction

An essential objective of parallel MRI simulation is the investigation of undersampled acquisition strategies

and their associated reconstruction methods. Because accelerated MRI intentionally acquires incomplete
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k-space data, the choice of sampling trajectory and reconstruction algorithm strongly influences image
quality, artifact behavior, and reconstruction stability.
In Cartesian parallel imaging, undersampling is typically performed along the phase-encoding direction

by skipping regularly spaced k-space lines. A schematic representation is

ke = kMR, (51)

where R denotes the acceleration factor.
The corresponding undersampling mask may be represented as

1, if the sample is acquired,
M (kx, ky) = (52)
0, otherwise.

Cartesian undersampling produces coherent aliasing in image space. In SENSE simulations, these
aliasing patterns are subsequently unfolded using the simulated coil sensitivity maps. In GRAPPA
simulations, the missing k-space lines are synthesized from neighboring acquired samples using calibration
kernels [8, 9].

Figure 34 shows the SENSE versus GRAPPA simulation pipeline.
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Figure 34: SENSE versus GRAPPA simulation pipeline.

1. Cartesian undersampling,
2. aliased coil images,

3. SENSE reconstruction,
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4. GRAPPA reconstruction.

A particularly important application of simulation is the study of echo-planar imaging (EPI). EPI
trajectories are sensitive to undersampling because geometric distortion and T5-related blurring depend
strongly on the total readout duration.

In EPI simulations, the k-space trajectory follows a zig-zag pattern generated by alternating readout

gradients and phase-encoding blips:
k(1) = (kx(1), ky(1)). (53)

Parallel imaging acceleration reduces the number of phase-encoding steps and thereby shortens the EPI
echo train, which can be investigated systematically in numerical models [2, 3].

Simulation is especially useful for investigating:
* susceptibility-related geometric distortion,

* echo-train shortening,

* residual aliasing,

* Nyquist ghosting and phase-error sensitivity,
* off-resonance effects.

(2, 4]
Non-Cartesian trajectories represent another important area of accelerated MRI simulation. Radial

imaging acquires k-space along rotating spokes:
ky(t) = k(1) cos @, ky(t) = k(t)siné, (54)

where 6 denotes the spoke angle.

Figure 35 shows radial sampling trajectories.

Radial and spiral trajectories are especially relevant for simulation because their aliasing patterns
differ substantially from Cartesian undersampling and their reconstructions often require iterative or
trajectory-specific methods [18, 24, 27].

Parallel imaging reconstruction for radial or spiral imaging may involve:

¢ non-Cartesian SENSE,

radial GRAPPA,
* spiral parallel imaging,
e iterative reconstruction.

Spiral imaging similarly benefits from simulation studies because spiral trajectories are sensitive to
trajectory design and off-resonance behavior, while accelerated reconstruction depends strongly on the

interaction between sampling geometry and coil encoding [18, 27].
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Radial Sampling Trajectories in k-space

Radial trajectories sample k-space along spokes through the origin at different angles.

A. Common radial trajectory designs
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Figure 35: Radial sampling trajectories.

Simulation is also useful for evaluating simultaneous multi-slice (SMS) imaging. In SMS acquisition,

several slices are excited simultaneously:

N
M = Se(zm)p(zm). (55)
m=1
The resulting slice aliasing may then be resolved using parallel imaging reconstruction [14].
The key elements are:
1. simultaneous slice excitation,
2. aliased slice superposition,
3. reconstructed slice separation.

Modern accelerated MRI reconstruction may also be represented numerically through regularized
inverse problems:
i= argmin(lle—y||§+/lR(x)) . (56)
X

This form provides a flexible framework for exploring:
* compressed sensing,
* sparsity regularization,
* low-rank constraints,

* calibration-based consistency,
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* learned reconstruction priors.

[13, 16, 28, 30]

The key elements are:
1. direct reconstruction,
2. iterative reconstruction,
3. compressed sensing reconstruction,
4. learned reconstruction models.

An important advantage of simulation is the ability to evaluate reconstruction performance quantitatively
under controlled conditions. Depending on the study design, useful assessment quantities may include:

* residual artifact level,

* image-domain error,

* reconstruction stability,

* geometry-factor maps,

* convergence behavior,

* sensitivity to acceleration and noise.

Simulation studies in the uploaded literature explicitly used such controlled analyses to assess convergence
behavior, dependence on acceleration, coil geometry, ACS sampling, and reconstruction fidelity [18, 23].
Figure 36 shows representative quantitative reconstruction metrics.

Simulation therefore provides a powerful means of studying the interaction between:
* acquisition geometry,

* coil encoding,

* undersampling strategy,

* noise propagation,

* reconstruction algorithms.

Within the scope of accelerated and parallel MRI, these numerical investigations are valuable for method

development, optimization, and interpretation of reconstruction behavior under controlled conditions.
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Quantitative Reconstruction Metrics

Objective measures for comparing image quality and fidelity
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Figure 36: Representative quantitative reconstruction metrics.

9 Future Directions

Parallel imaging fundamentally transformed MRI by introducing phased-array coil sensitivities as an
additional source of spatial encoding. Since the introduction of SMASH, SENSE, and GRAPPA,
accelerated MRI has evolved from a specialized research concept into a central component of modern
MRI methodology and clinical practice. Nevertheless, the development of parallel imaging continues
rapidly, driven by increasing demands for higher spatial resolution, faster acquisition speed, improved
motion robustness, and more flexible computational reconstruction frameworks [2, 19].

One important trend has been the continuing development of higher-channel-count receiver systems.
Early phased-array and clinical parallel imaging systems commonly employed relatively small numbers of
receiver elements, whereas later commercial platforms moved toward 32-channel architectures. Specialized
research systems demonstrated 64-channel receiver technology and even explored imaging concepts based
on very high degrees of parallel reception [21].

Increasing the number of receiver elements can improve:
* spatial encoding diversity,

¢ achievable acceleration factors,

» geometry-factor performance,

* reconstruction flexibility.

The benefits, however, depend strongly on the geometry of the coil array, the anatomical region being

imaged, and the direction of accelerated encoding [19, 21].
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Future High-Density Coil Arrays

Enabling higher SNR, finer acceleration, and new contrasts
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Figure 37: Future high-density coil arrays.

Figure 37 shows future high-density coil arrays.

Another important direction is the reduction of dependence on separate calibration scans and rigid
reconstruction assumptions. Classical SENSE requires explicit coil sensitivity maps, while GRAPPA
relies on autocalibration signal (ACS) data. Later autocalibrated approaches, such as SPIRiT and ESPIRIT,
extended these ideas by using calibration information more flexibly within iterative reconstruction
frameworks [12, 20].

A related line of work seeks to reduce or eliminate explicit calibration requirements through structured
low-rank and calibrationless parallel imaging approaches, including SAKE-type methods and related
matrix-completion formulations. These methods aim to recover missing data by exploiting redundancy
and low-rank structure in multichannel k-space rather than relying exclusively on explicit sensitivity maps
or conventional ACS calibration [33].

Figure 38 shows calibration-based versus calibration-reduced parallel imaging.

The integration of parallel imaging with compressed sensing represents another major development.

Compressed sensing exploits image sparsity to stabilize highly undersampled reconstructions:
£= argmm(nAx—y||§+/1||Wx||1). (57)
X

Combined PI+CS methods enabled acceleration regimes beyond those attainable with conventional linear
parallel imaging alone in many applications, particularly when iterative reconstruction and appropriate
sparsity constraints are used [11, 28, 30].

The key elements are:

1. conventional parallel imaging,
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Calibration-based vs. Calibrationless Parallel Imaging

Two strategies for estimating coil information to remove aliasing in accelerated MRI
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Figure 38: Calibration-based versus calibration-reduced parallel imaging.

2. compressed sensing,
3. combined PI+CS reconstruction.

Deep-learning-based reconstruction methods currently represent one of the most active extensions of
accelerated MRI. Neural networks may be incorporated into reconstruction pipelines in several different

ways:
* learned regularization,
¢ unrolled iterative reconstruction,
¢ direct multicoil reconstruction,
* artifact suppression within hybrid reconstruction frameworks.

Variational-network approaches and GRAPPA-inspired neural architectures have demonstrated improved
reconstruction performance in accelerated MRI settings, including multicoil data and high undersampling
factors [16, 17].

Deep-learning-based reconstruction offers potential advantages such as:

* improved artifact suppression,
* reduced noise amplification,
* improved reconstruction quality at high acceleration factors,

* tighter integration between physics-based modeling and learned image priors.
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At the same time, important challenges remain. The uploaded literature emphasizes that image-quality
metrics alone cannot guarantee diagnostic reliability and that proper clinical validation is required before
highly accelerated learned reconstructions can be adopted confidently in routine practice [17].

Motion-aware reconstruction is another increasingly important research direction. Many MRI
applications remain limited by respiratory, cardiac, or patient motion. Modern accelerated imaging

strategies increasingly incorporate:
¢ motion estimation,
¢ motion-resolved reconstruction,
* free-breathing acquisition,
* self-navigation or extra motion dimensions.

These strategies are particularly relevant in dynamic body MRI and other applications in which conventional
breath-hold or motion-suppression approaches are insufficient [32].

Figure 39 shows motion-resolved reconstruction.

Motion-Resolved Reconstruction in MRI
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Figure 39: Motion-resolved reconstruction.

Simultaneous multi-slice imaging and controlled aliasing methods such as CAIPIRINHA and Wave-
CAIPI are also likely to remain important directions in accelerated MRI. These approaches exploit
increasingly sophisticated spatial encoding strategies to distribute aliasing more favorably across the
receiver array and thereby reduce geometry-factor penalties [14, 15].

Non-Cartesian imaging trajectories also remain an important complementary direction for accelerated
MRI because they offer:

* efficient k-space coverage,
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» favorable motion properties,
* compatibility with iterative reconstruction,
* useful combinations with parallel imaging and compressed sensing.

Radial, spiral, and other non-Cartesian strategies continue to motivate specialized reconstruction approaches
for highly accelerated and motion-sensitive imaging [18, 25, 32].

Figure 40 shows advanced non-Cartesian trajectories.

Advanced Non-Cartesian Trajectories in MRI

Efficient k-space sampling for higher performance and new contrasts
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Figure 40: Advanced non-Cartesian trajectories.

Parallel imaging and advanced controlled-aliasing methods are also increasingly relevant for high-
resolution phase-sensitive and quantitative applications. Wave-CAIPI, for example, was demonstrated for
highly accelerated three-dimensional gradient-echo imaging, high-quality phase imaging, and quantitative
susceptibility mapping (QSM), suggesting an important role for advanced parallel encoding in demanding
volumetric applications [15].

Integrated PET/MR systems represent another setting in which efficient MRI acquisition is highly
valuable. In pediatric PET/MR oncology protocols, the duration and complexity of the MR examination
strongly influence overall workflow and patient tolerability. The uploaded PET/MR study emphasizes the
need for temporally efficient MR protocols, and its sequence tables already incorporate parallel acquisition
techniques such as GRAPPA acceleration [38].

Modern accelerated MRI increasingly combines:

* parallel imaging,
e compressed sensing,

* low-rank modeling,
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¢ model-based reconstruction,
* deep-learning-based reconstruction,
* motion-aware imaging strategies.

The resulting reconstruction frameworks are computationally sophisticated but permit acquisition speeds
and imaging capabilities that would have been impossible using conventional Fourier imaging alone
[12, 13, 16].

Figure 41 shows selected milestones in the evolution of accelerated MRI reconstruction.
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Figure 41: Selected milestones in the evolution of accelerated MRI reconstruction.

SMASH — SENSE — GRAPPA — Compressed Sensing MRI — SPIRIT — ESPIRIiT — CAIPI / Wave-CAIPI — De

The future of MRI reconstruction will likely involve increasingly unified computational imaging
frameworks integrating acquisition physics, coil encoding, optimization theory, statistical modeling, and
machine learning. In this evolving landscape, parallel imaging will remain one of the foundational
technologies enabling ultrafast and highly flexible MRI acquisition.

10 Conclusion

Parallel imaging represents one of the most important advances in the history of magnetic resonance
imaging. By exploiting the spatial sensitivity variations of phased-array receiver coils, parallel imaging
partially replaces conventional gradient encoding and thereby permits substantial acceleration of MRI
acquisition [1, 2].
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The development of methods such as SMASH, SENSE, and GRAPPA fundamentally transformed
accelerated MRI from a specialized research concept into a central component of contemporary MRI
methodology and clinical practice [7-9]. Parallel imaging now contributes to a broad range of major MRI

applications, including:
* diffusion-weighted imaging,
¢ functional MRI,
¢ cardiovascular MRI,
* angiography,
* pediatric body MRI,
* whole-body and dynamic imaging protocols.

[2, 10, 37]

The central principle underlying all parallel imaging methods is the use of coil sensitivity encoding to
reconstruct images from undersampled k-space data. Image-domain approaches such as SENSE perform
explicit unfolding using sensitivity maps, whereas k-space methods such as GRAPPA synthesize missing
k-space samples from neighboring acquired data. Although mathematically different, both strategies rely
fundamentally on spatial encoding provided by phased-array receiver coils [8, 9, 20].

Parallel imaging also introduced important new reconstruction challenges, including:
* noise amplification,

* geometry-factor limitations,

* calibration sensitivity,

* motion sensitivity,

* reconstruction instability at high acceleration factors.

These limitations are intrinsic to the tradeoff between acquisition speed, coil encoding efficiency, and
reconstruction conditioning [2, 8].
These challenges stimulated the development of increasingly sophisticated reconstruction frameworks

integrating:
e iterative reconstruction,
e compressed sensing,
* low-rank modeling,
¢ motion-aware reconstruction,

* deep-learning-based reconstruction.
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[12, 13, 16, 28]
Modern MRI acceleration therefore no longer relies on a single reconstruction paradigm but in-

stead increasingly combines multiple complementary strategies within unified computational imaging
frameworks.

Parallel imaging also played a major role in enabling many modern MRI technologies, including:
* simultaneous multi-slice imaging,

e ultrafast EPI,

high-field accelerated neuroimaging,

* free-breathing dynamic imaging,

¢ real-time MRI,

* advanced volumetric encoding strategies such as Wave-CAIPI.

[14, 15, 25, 26]
In parallel, numerical simulation became increasingly important for understanding and optimizing

accelerated MRI systems. Computational experiments permit systematic investigation of:
* coil encoding,
* undersampling strategies,
¢ reconstruction artifacts,
¢ noise behavior,
* motion or phase-error effects,
* advanced reconstruction algorithms.

Simulation studies in the parallel-imaging literature have been used to examine SENSE reconstruction,
VD-AUTO-SMASH performance, and EPI phase-error correction in controlled settings [4, 18, 23].

Such simulations are especially valuable because modern accelerated MRI reconstruction methods
involve interactions between acquisition physics, coil encoding, sampling design, and regularized
reconstruction that are difficult to assess purely analytically.

The continuing evolution of MRI reconstruction suggests that future systems will increasingly integrate:
e parallel imaging,

* compressed sensing,

¢ model-based reconstruction,

* motion-resolved imaging,

* artificial intelligence.
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These developments are progressively transforming MRI into a highly adaptive computational imaging
modality capable of achieving acquisition speeds and reconstruction performance that would previously
have been unattainable [12, 16, 32].

Although the mathematical formulations and reconstruction algorithms continue to evolve, the core
idea introduced by parallel imaging remains unchanged: spatial encoding in MRI can be shared between
gradient fields and phased-array receiver coils. This insight fundamentally altered the trajectory of MRI
development and continues to shape the future of accelerated imaging.

A Appendix A: Simplified Derivation of SENSE Reconstruction

In SENSE reconstruction, accelerated Cartesian acquisition causes aliasing because the effective field of
view (FOV) in the phase-encoding direction is reduced by the acceleration factor R. As a result, several
spatial locations become superimposed in the reconstructed image [8].

For simplicity, consider the case of acceleration factor R = 2. Two spatial locations, | and r,, become

folded onto the same image position. The signal measured by receiver coil c is then:
Ve = Sc(r1)ay + Sc(r2)az, (58)

where:
¢ a; and a, are the unknown voxel intensities,
e Sc(r1) and S.(r,) are the coil sensitivities.

For multiple receiver coils, the system may be written in matrix form:

v =Sa, (59)
with
V1
V2
v=| |, a=[a‘]. (60)
: a
V}\/C
The sensitivity matrix becomes
Si(r1)  Si(r2)
S2(r1)  Sa(r2)
= . . (61)
Sn.(r1)  Sn.(r2)
The unfolded voxel intensities are estimated by least-squares inversion:
a=(SHS)"!sfy. (62)
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In practical MRI systems, correlated receiver noise is included through the covariance matrix C:
a=(SHC'S)" 1S ly. (63)

This noise-weighted reconstruction is the classical SENSE solution [8].

B Appendix B: Simplified Derivation of GRAPPA Reconstruction

GRAPPA reconstructs missing k-space samples from neighboring acquired samples using calibration
kernels estimated from autocalibration signal (ACS) data [9].
Assume that every second phase-encoding line is omitted during acquisition (R = 2). A missing

k-space sample in coil j may be estimated from neighboring acquired samples across all coils:
. . N(; .
S;Tnssmg — Z Z Wb S?cqmred(b)’ (64)
=1 b
where:
* wjp are the GRAPPA interpolation weights,
* b indexes neighboring acquired samples,

¢ [ indexes receiver coils.

The reconstruction weights are estimated from fully sampled ACS lines. The calibration problem may
be written schematically as:
d = Aw, (65)

where:
* d contains target ACS samples,
* A contains neighboring source samples from the ACS region,
* w contains the unknown interpolation weights.

The reconstruction weights are obtained by solving an overdetermined least-squares fitting problem:
w=(AFA)TA Q. (66)

In practice, regularized or numerically stabilized variants may be used when the calibration system is ill
conditioned [2, 9].

After calibration, the estimated weights are applied throughout the undersampled k-space dataset to
synthesize missing phase-encoding lines.

The key elements are:
1. ACS calibration,
2. kernel fitting,

3. synthesis of missing k-space lines.
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C Appendix C: Minimal MATLAB Examples

The following simplified MATLAB fragments illustrate the basic structure of multicoil MRI signal
generation and Cartesian undersampling. They are intended only as schematic examples and do not
implement a full SENSE or GRAPPA reconstruction.

Generation of Coil Sensitivities

for ¢ = 1:Nc
S(:,:,0) = exp(-((X-xc(c)).*2 + ...
(Y-yc(c)).*2)/(2*sigmar2));
end

Forward Multicoil MRI Signal Model

for ¢ = 1:Nc
coil_img(:,:,c) = rho .* S(C:,:,Q);
kspace(:,:,c) = fftshift(£fft2(coil_img(:,:,c)));

end
Cartesian Undersampling
mask = zeros(size(kspace,1), size(kspace,2));

mask(1l:R:end,:) = 1;

for ¢ = 1:Nc
kspace_acc(:,:,c) = kspace(:,:,c) .* mask;

end

Aliased Root-Sum-of-Squares Image

for ¢ = 1:Nc
img_alias(:,:,c) = ifft2(ifftshift(kspace_acc(:,:,c)));

end

rss_alias = sqrt(sum(abs(img_alias).*2,3));

The resulting image is the aliased image formed from undersampled multicoil data before any dedicated
SENSE or GRAPPA reconstruction is applied.
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